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Abstract

It is well-known that Boltzmann equation is closely related to the systems of
fluid dynamics which have rich nonlinear wave phenomena. In this paper, we study
the nonlinear stability of a nonlinear wave pattern consisting two rarefaction waves
for the Boltzmann equation. The analysis combines the analytical techniques used
in the study of conservation laws with the micro-macro decomposition for the Boltz-
mann equation introduced in [18] and [19] through energy method.
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1 Introduction

The one dimensional Boltzmann equation takes the form of

fir&fe=Qf f), (fit,2,6) e Rx RT x R x R?, (1.1)

where f(t,z,€) represents the distributional density of particles at time-space (¢, z) with
velocity £ and Q(f, f) is a bilinear collision operator, cf. [3]. In the following, we consider
the hard sphere model, for which Q(f,g) is:

QUE =3 [ L, (1€ +1E)e(E) - F©0(6) ~1E)9(©) 6 ~ &) - O desd

Here S2 = {Q € S?: (£—¢&)-Q >0} and

{5’—5—[(6—5*)-9] Q,
=6+ -6) Q.

It is well-known that the Boltzmann equation is closely related to the systems of
fluid dynamics, i.e., Fuler equations and Navier-Stokes equations, which have two types
of nonlinear waves, shocks and rarefaction waves. The existence and nonlinear stability
of shock waves have been studied extensively, cf. [4, 19] and references therein. In
this paper, we will study the nonlinear stability of the other type of nonlinear waves,
i.e., rarefaction waves. Our analysis is based on the micro-macro decomposition of the
Boltzmann equation introduced in [18] and [19] which rewrites the Boltzmann equation
into a system of the type of fluid dynamics. And then the approach to the nonlinear
stability of rarefaction wave for fluid dynamics can be applied here so that both the
dissipations of fluid and non-fluid components are used.

Precisely, we decompose the solution of the Boltzmann equation f(t,z,¢) into the
macroscopic (fluid) component, i.e., the local Mawellian M = M(t,x,§) = M, ..0(8);
and the microscopic (non-fluid) component, i.e., G = G(t,z, &) as follows:

f(taxaf) = M(t7$7£) + G(t,l‘,f)

The local Maxwellian M is defined by the five conserved quantities, that is, the mass
density p(t, z), momentum m(t, ) = p(t, z)u(t, z), and energy E(t, z) + 5 |u(t, z)|* defined
by:

plta) = [ f(t,,E)d,

mi(t, z) E/I{3wi(£)f(t,x,£)d5 fori=1,2,3, (1.2)
P (B+3uP)] (t2) = [ va(©)(t.z.)de.
— T — ,O(t,:L“) ex . |§ — u(t,x)|2
M =Mt 7.£) = (2 RO(t, z))?3 p( 2RO(t, x) ) (13)

Here 6(t, x) is the temperature which is related to the internal energy E by E = %R@ with
R being the gas constant, and u(¢, x) is the fluid velocity. And 1, (§) are the five collision
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invariants, cf. [3]:
Po(§) =1
w®58m2423 (1.4)
UAGE
satisfying
/ i (£)Q(h, g)dé =0 for j=0,1,2,3,4.

In the following, we define an inner product in £ € R? w.r.t. the local Maxwellian M

(o) = [ 3h(E5()de

for functions h, g of £ so that the above integral is well-defined. With respect to this inner
product, the following functions spanning the space of macroscopic, i.e. fluid components

of the solution, are pairwise orthogonal:

Xo(&; p,u, 0) = ﬁM
i(&pou,0) = E£Z2M for i=1,2,3,
o (1.5)
il p,u.0) = G (S5 —3) M,
<X2an> :5Z]a for i7j2071727374'

By using these five functions, we define the macroscopic projection Py and microscopic

projection P; as follows:
Poh = Z Ry X350 X5
0 P2 (h, X3)X; (1.6)
P,h = h — Pyh.
Notice that the operators Py and P, are projections satisfying
PPy = Py, PP, =Py, PoP, =P,Po = 0.
A function h(&) is called microscopic or non-fluid if it has no fluid components, that is
(1.7)

/R3 h(€);(€)de = 0, for j = 0,1,2,3, 4.

It is clear that such function is in the range of the microscopic projection P;. Under this

decomposition, the solution f(t,z,&) of the Boltzmann equation satisfies

Pof=M, P,f=G.
Then by writing f(¢,z,£) = M(t, z, &) + G(t, z, &), the Boltzmann equation becomes:
(M +G), + &(M + G), = (2Q(G, M) + Q(G, G)). (1.8)

Based on this decomposition and (1.8), we now rewrite the Boltzmann equation as follows
First, as usual, a system of five conservation laws can be obtained by taking the inner
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product of the Boltzmann equation with the collision invariants ¢, (£):

pe+ (pur)e =0,

(pur)e + (pui +p), (/ §1Gd§)

(pu)s + (o), = = ( [ &6aGe) . 19)
(pus)e + (purus)e (/ §1§3Gd§>

PP+ B) + (ul(p (Luf? + E) +p)) ~ 4 ([ elekaac)

xT

Here p is the pressure for the monatomic gases:
2
=3 pE = Rpb.

Moreover, the microscopic equation for G is obtained by applying the microscopic pro-
jection Py to (1.8):

G+ P1(6G, +6M,) = LuG + Q(G, G), (1.10)
ie.,
G = Ly (6M,) + Lif (G + P1(61G.) — Q(G, G)) w11)
= LM EM,) + 6. |
where

Lng = Lipugg = Q(M +9, M+ g) —Q(g,9).

Now plug (1.11) into (1.9), we have another form of Boltzmann equation which is in the
type of fluid dynamics.

pr + (pur), = 0,

(pur)e + (pui + p),

([ st (] ),
(pua): + (purua), E/ GelaeM)ds) — ([ agod) .

sl @Made) - ([ agod) . e

[pGlul +E)] + (ul(p( |u]2+E)+p)>

-3 ([ alerratemaig) —3([ algrods) |

Notice that if one neglects all the terms containing O, (1.12) is exactly the Navier-Stokes
equations. By rewriting the Boltzmann equation in this form, we can later perform the
analysis used for conservation laws to get the desired estimates.

For later use, we now recall some properties of the linearized collision operator Ly.
By definition, Ly is symmetric:

(pU3>t -+ pu1u3

(h, Laag) = (Lnh, g),
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and the null space N of Ly; contains only the macroscopic variables:

Xi» j:0774

For the hard sphere model, Ly takes the form, cf. [14, 13]

(Lath) (€) = —v(€: p, 1, O)B(E) +/M(E) K ((&) (5)) | (113)

Here Km(+) = Kiv(+) + Kam(+) is a symmetric compact L?-operator. And v(; p, u, 6)
and K;v(+) have the following expressions

[€—ul 2 2
_ o« S
ki (€, 64) = \/(2:7)3’5 — &l exp (_ 4RO~ 4RO ) ’
£, 2 2_1¢,(2)2
k2M(§>€*) = V;:)WK - 5*‘_1 eXp <_ |£8]§9‘ - (5‘{9&'55‘*‘)2 ) )

where ki (€, &) is the kernal of the operator Ky respectively. Furthermore, there exists
oo(p, u,d) > 0 such that for any function h(§) € N

(h, Laah) < —ao(p,u, 0)(h, h),

which implies cf. [13]
(h, Lmh) < =0 (p, u, 0)((1 + [£])h, 1) (1.14)

with some constant o(p,u,6) > 0.
For later use, notice also that the projections Py and P; have the following basic
properties:
PO<¢3M) = ¢]M7 P1<¢3M) = 07 j = 07 17 27 3747
LvPy = Pily = L, Pi(Q(h,h)) = Q(h, h),
LMPU - PoLM — O, Po(Q(h, h)) = O,
<¢]Ma h) = <¢jM7 P0h>7 ] = 07 1a 27 37 47
(h, Lmg) = (P1h, Lm(P1g)),
(h, Lnd (P1g)) = (Lpf (P1h), P1g) = (P1h, Lyf (P1g) )
Now we come back to the problem considered in this paper, that is, the time asymptotic
behavior of global smooth solution f(¢,z,£) of the Boltzmann equation (1.1) with initial

data as a small perturbation of a nonlinear wave pattern consisting two rarefaction waves.
Let

= — _lezwl? _
Ml - M[Phuzﬂz} _ (27 RO;)3 exp < 2R0; ) T — =00,

f(t7*r7£)|t=0 - fO(xvg) -

— — T |£7u7”|2
M, = M[Pr,urﬁr] = (27er9T)3 exp (_ 2R, > ;T — +00.
(1.15)
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Here py, 0,, pr, 0, > 0,u; = (u1;,0,0),u, = (uy,,0,0) are constants. Assume the following
Riemann problem for compressible Euler equations

pe+ (pur)z =

(pu1)e + (pui ) =0,

(qu)t + (,OU1U2) 07 (116)
(pus): + (purus), = 0,

(plauhgl)a x <0

(p’uve)(t7$)|t:0 = (pgau6706> (l‘) = {(p“ur’er)’ >0 (1'17)

admits a unique global weak solution (pR(t, x),uf(t,x), 0% (¢, x)) containing a rarefaction
wave of the first family, denoted by (pR1 (t,z),ur(t, z), 6™ (t,x)), and another of the
third family, denoted by (pR3 (t, ), u(t, x), 07 (t, x)) with uff = u/" = ul® = 0,i=2,3.
That is, there exists a unique constant state (pm, Um,0m) € R (pm > 0,0, > 0, U, =
0,7 = 2,3) such that (pm, Um, 0m) € Ri(pi, w, 6;) and (p, ur, 0,.) € R3(pm, Um, O). Here
Ri(pr,w,0)) = { (p,u,0) ‘ S=S5, u + \/15_kp§ exp (g) = uy + \/15_k’pl% exp @) ,

ug = uz =0, uy > uy, p<,0z},

{(p,u,ﬁ) ‘ §=5, ul—\/ﬁp%exp@) :Ulm—\/ﬁpr’%nexp@),

U2:U3:O, Uy > Ui, p<pm}7

RS(pma U, em)

(1.18)
where
S=—-2Inp+In(2rRO) +1 = —2Inp + In(2rRG;) + 1
=—2Inp, +In(27RA,) +1 =5,
k==

In other words,
(pR, ult, eR) (t,z) = (pRl + oM — po ™ 4w — o, 01 4 08 — em) (t,z). (1.19)

Similar to the corresponding work on the Navier-Stokes equations, cf. [21], we will show
that if the initial data is a small perturbation of a Maxwellian state defined by a smooth
approximation of the above Riemann solution (1.19), then the solution to the Boltzmann
eqaution f(t,z,&) tends to M,r( ) uf(t),0R(t0) 88 T — +00.

Now we give a brief description of the approximate rarefaction waves. Given a suitably
small but fixed constant ¢ > 0, let w;(¢,z) be the unique global smooth solution to the
following Cauchy problem of the Burgers’ equation

Wi + Wiwiy = 0,
(1.20)

w;(t, ) |i=0 = wio(z) = %(wH +w;_) + %(wur —w;_)tanh(ex), i=1,3,
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where ! _
=il w, 00) = uy — YR pj exp (%) )
Wit = A (Pm; U, Om) = tam — Lp’lﬂ exp (3) (1.21)
1= ) =i + B (). |
wyy = As(pr, up, 0,) = ug, + Y52 p? exp( )

then, the approximation of the rarefaction waves profile (ﬁ(t, x),u(t,z),0(t, x)) is defined
by

(ﬁ, u, ?) (t,x) = (pAl + o™ — po, M 4w — w04 + 64 — Qm) (t+to,z), (1.22)

l —
where t, = flﬁ >0, d = %’“pﬁnexp (%) > 0, and (pAi,uAi,GAi) (t,z)(i = 1,3) are
given by the following equations,

(b, w) + (1) LE (pA(t,2)) exp () = wilt,0), i = 1.3
0 (0) + VIBE (o (1)) exp () = i+ VIBRof exp (5).
fw»mwwwm®wwmwm®

04 (t,x) = 3k< (t,ﬂz:))§ exp(S), ud' =uzi =0, i =1,3.

(1.23)

Based on the decomposed system (1.12), the stability of a global Maxwellian state
was proved in [18] by energy method. The analysis there relies on the microscopic and
macroscopic H—theorems with respect to a global Maxwellian M_ = M|,_,_4_| because
the initial perturbation is a small perturbation of this global Maxwellian. However, we are
now considering the perturbation of a nonlinear wave pattern which may not be small, the
energy estimates w.r.t. a global Maxwellian state is not enough. Therefore, a combination
of the energy estimates w.r.t. a global and the local Maxwellian states will be used. For
this reason, another form of the microscopic H-theorem is needed to relate the dissipation
estimates with different weights. In fact, we will show in Section 2 that there exists a
positive constant (which is not necessary to be small)

o = TIO(Pa%Q;p—aU—aQ—) >0
such that if £ <0_ <6 and |p— p_| + |u—u_|+ |6 — _| < 1o, the following microscopic

H —theorem ( e
GLuG 1+ )G
— d / ——d¢, 1.24
[ e [ B g (1.2)
holds for some positive constant & = E(p, u,0;p_,u_,0_)>0.

With the above notations, we can now state the main result in this paper as follows.

Theorem 1.1 Let the approxzimate rarefaction wave (ﬁ, u, ?) (t,x) be defined in (1.22).
If
0= maX{Ipz — pml + (w = wm| + 00 = Ol | pr — p| + [ur — wm| + 160, — 9m\} < 1o,

Losup  O(t,x) < inf  B(t ),
2 (t,ac)eRIJ)er ( ) (t,z)eR4+ xR ( )
(1.25)
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There exists a global Mazwellian M_ and sufficiently small positive constants g, such
that the following holds. Let the initial data fo(x,§) satisfy

< eo, (1.26)

fo(iC, f) - M[p(o,:c),a(o,:c)ﬁ(o,fc)]

(1 ()

then the Cauchy problem (1.1), (1.15) admits a unique global solution f(t,z,&) satisfying

<Oy (20+em), (1.27)

HEGEUY

H; (L)

for some positive constant Cy, and

tliglo Hf(ta xv&) - M[PR,UR,QR} LgO(Lg) = 0. (128)

Here the constant € comes from the definition of the approximate rarefaction wave. f(&) €

Lg <\/11/1_) means that \%\i—) € Lg, and M_ = M,_,_q_) s a global Mazwellian satisfy-

ing 30(t,z) < 0_ < 0(t,z), and |p(t, ) — p_| + |u(t,z) — u_| + |0(t, ) — 0_| < no for all
(t, x) € R+ x R.

Remark 1.1 FEven though the initial data fo(x,§) is assumed to be a small perturbation
of a nonlinear wave pattern, the strengths of the nonlinear waves need not to be sufficiently
small. The condition on the strengths of the rarefaction waves comes from (1.25) where
no depends on the first eigenvalue of the linearized operator Ly and the values of (p,u, ),

(P u-—,0-).

The main idea of the proof of Theorem 1.1 can be outlined as follows. First, the
energy estimate w.r.t. the local Maxwellian is necessary because the nonlinear wave
background profile is not sufficiently small. In this case, the microscopic H—theorem,
i.e. (1.14) and (1.24) has dissipation on the microscopic component of the order of

t (%
/ / / BWdfdade where the order of ¢ is only 1. However, the energy esti-
R

mate by using the weight of local Maxwellian has error terms with a polynomial of £ with
order greater than 1 because of the derivatives on the local Maxwellian. Hence, another
set of energy estimates based on a global Maxwellian chosen suitably is needed to close
the analysis. Therefore, we first perform the energy estimates w.r.t. the local Maxwellian

M. Notice that a typical error term / / / 102G G| M, dédxdT appears and satisfies

<CO—-0_,p,u,p_,u_ 6+(50/// |8aG|2d§dxdT,

where the error term is now an integral with weight M_ and a small factor of order of
€+ dg.

The second step is to perform the energy estimate by using the global Maxwellian M _.
In this case, although an additional terms in the form of integrals of the fluid components
and their derivatives appear because the orthogonality property of M and G fails w.r.t.
weight M _, the small factor € + dy helps to yield the desired estimates. It is worth to
pointing out that to get the higher order energy estimates on the macroscopic component

|8"‘Gr|2

M, dédxdr

R3
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M, there is no need for the use of global Maxwellian M_ because all polynomials of ¢ (if
any) can be absorbed by the local Maxwellian M.

Before concluding this section, we should mention that there have been extensive study
on Boltzmann equation which gives arise to rich physical and solution phenomena, such
as Knudsen layer, ghost effects, incompressible flow limit etc. Since these are beyond
the scope of this paper, we will not refer them here. Before the energy method based
on the decomposition (1.12) is used, the elegant analysis using the spectral properties of
the linearized collision operator Ly; has been used to obtained existence and large time
behavior of solutions to Boltzmann equation, see [16, 23, 25] and references therein.

This rest of this paper is arranged as follows: a microscopic and a macroscopic
H —theorems will be given in Section 2. Some properties of the smooth approximation to
rarefaction wave solutions are presented in Section 3. And the proof of Theorem 1.1 will
be given in Section 4 for the case when s = 5. The case when s > 5 can be discussed
similarly.

2 H-—-Theorem

The H—theorem of the Boltzmann equation is based on the special property of the bilinear
structure of Q(f, f) which satisfies

L, QU £ g <o,

and the equality holds only when the solution f(t,z,€) is a Maxwellian, i.e. f(¢,z,§) =
M () ,u(t,2),0(t,2)) - According to the dissipative effects on the macroscopic and microscopic
components, the H-theorem can be viewed from two aspects. The first one is mainly on
the linearized collision operator Ly acting on the microscopic components stated in (1.14)
and (1.24) which is called the microscopic H—theorem. The second one comes from the
nonlinear collision operator where the viscosity and heat conductivity can be expressed.

In the following, we will first give a proof of (1.24). To do this, we need a lemma from
[11].

Lemma 2.1 Assume that —2 < 3 < 0, then there exists a positive constant Cy > 0 such
that

/RS(HI&lM d§< @{/R (1+]¢]) B+2f2d£ / g d§—|—/ f2d£ / (1+[€]) +292d§} (2.1)

where M can be any Mazwellian so that the above integrals are well defined.
Notice for the case of hard sphere model, only 3 = —1 is used here.

Lemma 2.2 ]f% < 0_ < 0, then there exist two positive constants o = (p,u,0; p_,u_,0_)
and ny = no(p,w, 8; p—,u_,0_) such that if |p— p_| +|u—u_|+ |0 —0_| < ny, we have for

h(§) € N,
hLyh h?

R3
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Proof. By Lemma 2.1, we have

_ [ hLmhge [ hlmh hQ(M_—M,h)
/R3 Mh ge — /R s d§+2/RB LM ge

—"<ﬂ—=“—79—>/ngCl£+2/3’“‘”MM%Wdé

(2.2)

3 () (i) ! QUM MA)?

> 30(p-u-,0-) [ O ag - oo | ds

Z%J(p_,u_ﬁ_)/ (LHA g iy (HED M- —M)* e / (LHEDA e
R3 g(p—,u—, —) R3

Since g < 6_ < 0, we can choose a positive constant C5 = C5(p, u,0; p_,u_,0_) such

that
o(p_,u_,0_)*

16, (2.3)

[ e
|€1>C5

M_
On the other hand,

/ (1+[Eh(M- —M)?
|£]<C3

N dg_w (Ip—pol+lu—u | +10-06-)°  (2.4)

holds for some positive constant Cy = Cy(p,u,0; p_,u_,0_).
By putting (2.3) and (2.4) into (2.2), and choosing

o(p_,u_,0_)
\/204(p7 U, 97 pP—;U—, 0—) |

(2.2) gives the statement of the lemma.

o =

The following is a direct corollary of Lemma 2.2 and the Cauchy inequality.

Corollary 2.1 Under the assumptions in Lemma 2.2, we have
1+lel 7 -1p ]2 —2 [ (DR
|5 |entn] dg < o2 [ LI

1g] | 7—1p ]2 __ 1+€)) " 1h2(¢
[ 5 st e o i

R3

(2.5)

holds for each h(§) € N.
For later use, we also include the following lemma from [18].

Lemma 2.3 Under the conditions in Lemma 2.2, there exists a constant Cs5 > 0 such
that for each k € Z, and constant A > 0 we have

91P1(]¢]F ga) / 91l€[% 9o / Magi? + A7 gof?
SIS 92) 4¢ < . .
B Y y e (2.6)

In order to study the nonlinear wave behavior of the solutions, we also need to use the
macroscopic version of the H—theorem studied in [18]. To be self-contained, we include
it as follows. Set the macroscopic entropy S by

—;pS = /R3M1nMd§. (2.7)
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Direct calculation yields

3 3 B G& o.M
—5(05% - i(puls)x + </R3(§1 In M)Gd§>x = /RS Tdf (2.8)
and )
S=—:lnp+In(27RO) + 1,
p= %p& = k:p% exp(S), (2.9)

E=6, R=2

An convex entropy-entropy flux pair (1, ¢) around a Maxwellian M = M[ﬁ@f] (; =0,i =
2,3) can be given as follows. Denote the conservation laws (1.9) by

0
JIRGels
R3
mopn, = | [ &G | (2.10)
| &i&:Ge
R3
s alepads

Here
t 1,12 t
m = (mq, my, My, M3, My)" = (P7 puL, pug, pUs3, P <§|u] + 9)) )
t
n = (ng, Ny, ng, N3z, ny)t = (pul,pu% + 200, pusug, puius, puy (%|u|2 + %9)) .

Now we define an entropy-entropy flux pair (7, q) as

n=0{-3pS+ 305 + 5Vin(pS) lm=m(m — m)} o)
q= 5{—%pu15 + %m1§+ %Vm(p8)|m:ﬁ(n — ﬁ)} )
Since ,
(pS)mo = S + 3= = 3,
(pS)mz = _%7 L= 172737
(pS)m4 = %7
we have
I [ AN PR S

q=wn+ (u1 —U) (/)9 —Pg) -
The entropy-entropy flux thus construct have the following properties. First, n(m) =
0, Vi () = 0. Then the Hessian 21 equals to

Fm;om;
202+ lul* —Fuilul*  —Fuslul®  —Fuslul*  L|ul*—0
B —%ul|u|2 0 + u? Up U U U3 —Uy
2:;22 — Suslul? U Us 0+ u3 U3 —Ug :
—suglul? Ui U3 UsUs 0 + u? —us

slul> -0 —uy —Us —us 1
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which is positive definite for any m satisfying p, # > 0. Thus for m in any closed bounded
region in ¥ = {m: p > 0,6 > 0}, there exists a positive constant Cg such that

Cytlm —m|* <n < Cg|m —m|*. (2.13)

3 Approximate rarefaction waves

In this section, we present the approximate rarefaction waves solution as the background
nonlinear profile to Boltzmann equation through the Riemann problem for Burgers’ equa-
tion. The approximate rarefaction waves solution given below is from [21] where the
stability of rarefaction waves for Navier-Stokes equations is studied. Here, we include its
definition and LP estimates for the convenience of the readers.

For ¢ = 1, 3, consider

Ri _

wit + whtiw? ,

wi—, x<0 (3.1)
wh(0,2) = wifi(z) =
Wi, x>0
with w;_ < w;,, which have continuous weak solutions of the form w? (%) given by
wi-? 6 S wi—7
wi(€) =€, wi— < § < wiy, (3.2)
Wiy, &> wiy.

In [21], it is shown that w? (%) is approximated by the solution to the Cauchy problem
(1.20) when t is sufficiently large which is summarized in the following lemmas.

Lemma 3.1 The Cauchy problem (1.20) has a unique global smooth solution w;(t,x)
satisfying the following

(i) wi— < wi(t,r) < wig, wi(t,z) >0, V(t,x) € Ry x R;

(i) For any p(1 < p < o), there ezists a constant C(p), depending only on p, such
that

1
|wia (¢, 2)|[ 1, < C(p) min {51‘61117, 5Z?t1+11’} 5

oxJ

[(wi(t,2) — wiy) wae(t, 2)| < O(1)d103¢ exp (—2dret)
[(w3(t, x) — w3—) wix(t, x)| < O(1)d105¢ exp (—2dt) .
FEspecially, there exists a constant C(p) > 0 such that for p > 1

(wi(t,2) — wiy) wau(t, )| 10 < C(p) (5185¢)" % exp (—2dy (1-1)et),

(ws(t, ) — ws_ ) wia(t, )|, < C(p) (5185¢)" "7 exp (—2dy (1-1)et);

ijwi(t,x)HLp < C(p) min {(5i€j_%, €j_1_%t_1}, j > 2,

and

=0.

(iii) lim sup ‘wi(t,x) —wi(%)
=430 1eR

Here 6; = w;y — w;_ is the wave strength of the i-th rarefaction wave.
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From Lemma 3.1 and (1.23), we can easily deduce that (ﬁ(t,x),ﬂ(t,x),?(t,x)) is
globally (w.r.t. t and z) well-defined and smooth. Moreover, from (1.20) and (1.23),

(pAia uAi, QAi) (t,x)(i = 1, 3) satisfies

pit + (phul) =0,

A;, Ay 2 A- 204 A,
ult +uptuy, + 79 ! 3pA1pa: - 07

0 + ul"QA 2«9A2u1x =0.

Therefore, we have from (1.22) and (1.23) that

ﬁx(t,l’) = —\/%ﬁ%(t [E) exp ( )ulx (t + t07x)

B

+ f’5 pi(t, ) exp (—7> ups (t+to, x) + Ey(t, x),

Bt w) = {Aps (L)t v) exp (—5) — Bt 2) fufh (t+ to, )

T~
8
~—
@
]

T
—~
N[0

$) —m(t, @) fufi(t + to, @)

Ei(t, ) :—{ f’% (pAl(t—l—to,:c))% — \/f’g)—kﬁg(t x)}exp( g) up (t + to, )
mﬂ{(ﬂf“%tﬂo?:ﬁ))g—p?@ x)}“kz:(t‘f‘tm ),

2 _
i (0 10,20) 010, 2) e (<5) = (410, )]

f’%p%(t, ) (t, z) exp (—g) —p(t, x)} }uﬁ} (t + to, )

2 _
|75 (P4 1o, ) (¢ o,z exp (=5) 4 p* (¢ + to,2)

15kﬁ§(t x)u (t, z) exp (—*) +p(t,x ] }Uu t +to, x),
1
3

s 5 s )]

— | (t, z) — é‘r’kp% (t,z)exp (g)} }Uu (t+to, )
—{ [u{‘3(t+t0,x) + Y5k (pA3(t+to#ﬂ)) exp (‘;)}

= |m(t.2) + D3 (1) exp ()] }“M’(t”(” o)

Wl

|

Furthermore, (ﬁ(t, x),u(t, ), 0(t, x)) has the following decay properties.

—{ APt o)m(t ) exp (—5) + 0t x) ui(t + 1o, 7) + Ea(t, x),
(

(3.4)

(3.5)
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Lemma 3.2 The approzimate rarefaction wave (p,1,0)(t,x) constructed in (1.22) has
the following properties

(i) ufi(t,x) >0, Y(t,z) e Ry xR, i=1,3;

(i) For any p(1 < p < 00), there exists a constant C(p) > 0, depending only on p,
such that

( u, )z (t,x) H <C(p )mln{sl_%, (t+t0)_1+%},

D,
88—( ) (t,z) H < C( )mln{s %, Ej_l_%fl} J =2,

and
|(72:82) (t,2)] < O(1) (@ (t,2) + | Enl) .
{ I(Br, Ba, By) (t,2) | < O exp (=2 (L + diet) (1- 1)) Y
(i) Jim s (p..9) (1.2) = (6% .07 (5)] = 0
Precisely, Lemma 3.2 implies that for € > 0 sufficiently small
[ (e, Bl + s + 1B + | (G o) fl) (r)dr < O(1)¢t,
[ (1 Bl + e B[, ) () (3.7)

< 0(1)/0 ((1 + 7')_5 +e2 exp(—3d1€7')>

where 7 is the entropy defined in (2.11).
All these will be used later in energy estimates.

4 Energy Estimates

In this section, we will give a proof of Theorem 1.1 by energy method. Denote 9 the dif-
ferential operator 9% = 9021 = 9921 |a| = ag + a1, where o and a; are nonnegative
integers. Set

ﬁ(ta :L’) = ,O(Zf, x) - ﬁ(t, 1')7
u(t,x) =u(t,z) —ult, x),
0(t,z) = 0(t,x) — O(t, x),
G(t,z,€) = G(t,z,£) — G(t,2,€)
with
1 —1 | —ult,z)*, _
G(t,x,¢) = ROt 2) “Mian {P1 [gl (Wam(t’ )+ & u1x> M(t, @] }

(1.1)

_ _ 2
Here we subtract G(t, z,§) from G(t, z, ) because H (ﬂx, 9:,0) (t)HLQ is not integrable w.r.t
t. Since the local existence of solutions is well-known, all we need is to close the following
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a prior: assumption

N(t)? = sup {/1:{n<T)dx+/R/R3 (1\(4;2+ 3 @“M);A#GVJF D (?\j[fﬁ) (T)dgdx}

0<r<t 1<|al<4 laf=5
< 82

(4.2)
Here p > 0 is a suitably chosen sufficiently small constant.
From (1.9), (4.2) yields the following L, estimates by Sobolev imbedding theorem.

0°G(T,x)

su 5,0, 0) (T, x 0*(p,u,0)(r,x
p |Bao) ()| + X |10%(pw0)(r2)| + o

TE[O,t],IBER 1§‘0<|S3

< O(1)(e+6o),

Lg
(4.3)

where ¢ is the constant in the definition of the approximate rarefaction waves.
Under the a priori assumptions (4.2), by choosing dy and € to be sufficiently small,
there exists a constant state (p—,u_,0_)(p— > 0,6_ > 0) such that for all (1,z) € [0,¢|xR

1
F0(ra) <0 <0(r,2), [0(r,2) = O-|+[u(r,x) —u_| +|p(r,2) = p-| <m0 (4.4)

Thus, the microscopic H—theorem, i.e. (1.24) holds for the global Maxwellian M_ =
M[p_;u_ﬁ_}-

In the following three sub-sections, we will give the energy estimates on the entropy,
derivatives with the weight of local Maxwellian M, and the derivatives with the weight
of global Maxwellian M _ respectively.

4.1 Lower order estimates

In this subsection, we will give the energy estimates on the entropy and the non-fluid
component G(t, z,§).
From (2.8) and (2.11), integration over [0,7) x R x R? yields

T)d§|T // 35" p,u S) + Va5 (p,ﬂ,g)w}d$d7

(4.5)
_ 37 2
+/0 /R /R3 flaﬂ”(e In M) 2u1x§1} Gdédl‘dT
From (1.11), we first estimates the last integral on the right hand side of (4.5).
t —
/ / / {51&5(911& M) — %HlxgﬂGdfdl'dT
0 JRJR3
t 9 3 ¢2]7-1

_ /0 /R /R [610:@mM) — 30,,€] L7 (P (€10.M) ) dedadr )

—i—/ot /R/R(3 {élaz(gln M) — %ngcé%} Lt (Gt + P1(£,0,G) — Q(G, G))dqu}dT
=1 + Is.

Here and in the sequel, we denote the corresponding terms in the summation by Iij without
any ambiguity. Since

Py [60,(0In M) — 3uy,€2] = —3P, [51 (9'5 “) +£1u14
— 3Py [6 (6 + Bl — ) + 6 (5525) ]
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we have

h= /ot A/th% (6 (6~ 2 +6,15557)) LKE{Pl & (¢, + 0,5 M] }dgdm
+/ot/R/Rs496 (6 (¢ a+65") ) LKE{Pl (& (& -0 + 0,555 ) M| }d{dmﬁ‘

+ /Ot /R AS%éfl (555). Lu {P1 & (¢, + 0,5 M }dgd;z;dT

3
=3 1.
j=1

(4.7)
Notice that

az{Lg;h} = Lythy — QLK/E{Q (Lnth, M) }

LKE{PI (6 (6w + 0555 M| } =L,y {Pl (6 (& + 0,555 ) My }

For some small constant A > 0, we have from (3.6);, Lemma 2.1, and Corollary 2.1 that
t ~
Il < —dQ/ / (e]? + 16,]?) dedr,
0 JR
t ~
3
1 <o) [ [ 101l +16.1) (
t ~
A (1P + 182 + T
0o JR

0q

+ [Ty, |) dwdr (4.8)

0 )dwdr + 0(1)/; /R (Jnal* + E?) dadr,

and

= _Z/()t/I{/I{3€1 (5.@+g|s;g\2> ax{LK/Il{éPI & (& .g1x+§x‘fgg|2)1\/[} }}dgd:ch
<o) [ [ al+al) (

<o) [ [ (al+al) (

< A/Dt/R(W + 16, drdr

rx

 [Tiazel + (102] + o) ([T1a] + [62])) ddr

0
0

rx

+ [Traa| + [Tal? + B2 + (10a] + |2])?) dadr

2

t 3 3
+0(0) [ (Wie, B + @, )7, ) () [0
+00) [ (1@ BN + e 8 ()] )
(4.9)
Similarly
I < A/Ot/R(|a$|2+ 10,2 + 7, 9’2)dxd7+0(1)/0t/RE%dxdT )

t _
+O(1) / / / GEHIHIENGE+ULHE QGG ey
0 /JRJR3
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Substituting (4.6)-(4.10) into (4.5), we have

T=t ¢ .
(7 d§| +/ / (liia|? + 10, |?) dvdr
</ / (puS puu S) +Vﬁﬂ (ﬁ,ﬂ,?)x}da:ch
+/ / / GG+ 1RGP e gy iy
0 R3
t - t 7 3
A [ [ @ldPdedr +0(1) (||(u1m,E1)<r)y|§2 + |tz O () L)

t 5 5
+o() [ (H(umEnw)sz [T (M3 + || (e, Oaa) (1), + HEl(T)H%Q) dr.
(4.11)
Now we estimate the first term on the right hand side of (4.11) where the sign of @,
is used. Direct calculations gives

v(ﬁj@?)n : (ﬁ? ﬂu g)t + v(ﬁ7ﬂ7§)q : p7 ﬂu ?

= Mgl + 1a, B3 + g B0 — Hy (p, u, 057, u,0§ ut — H, (p, u,0:7, ﬂ,@) o, (4.12)
Here
Hy (p,,6:7,7,8) = 3p (1 )" + 3k (3 exp(8) — 7% exp (5))
~3kps exp (S) (p— ) — 2kpd exp () p (5 - 5)
) 3 1%5/%5% exp @) p(uy — ) (S - 9), i
Hy (f%“’ 0:p,a, 9) =3p(u — )" +

Tf——fkp 3exp(S) (S—F) k’eXP(S>ﬁ %(p_p)a
My = —5p (ur — 1), (4.14)
G5 = —%k;pﬁ exp (?) Uy (S — S) kexp (S) n 3 (puy — puq) ,

V(o) Hi (p, ,0; 7,7, 5) = (0,0,0),
V2 w5 Hi (p, w,0; 7,7, 5)
35 exp (?) 0 kps exp (?)
= 0 37 (—1)"2BE 55 exp (5)
kpiexp (S)  (—1)"2EEpS exp (5) Skps exp (S
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Since V¢, ,, 5 Hi, the Hessian of H;, are positive definite at (p,u, ) = (ﬁ, 1, 5). Thus

around the approximate rarefaction waves profile (ﬁ, u, ?), there exists a positive constant
ds such that

—H, (p, u, 0;p,, 5) u — H, (p, u, 0;p,, @) ufs < —dstiy, (|ﬁ|2 + |a]* + ]«9~|2) . (4.16)
Furthermore, (2.13), (4.14), and Lemma 3.2 implies that

/ot/R(v”rEz + 0, Bs + B ) dadr < 0(1)/0t I far)
< 0(1) ([ 1B, B )7l :

< 0=t exp (1) + O VEexp (1) [l expledir)

Plugging (3.7), (4.16), and (4.17) into (4.11), we have from Gronwall’s inequality the
following entropy estimate

t ~ ~
/n(t>d£+/ / (ltial? + 102]? + a1 + | + 10]2) ) dadr
R 0 JR
t ) ) » ,
<01 (/ 0)d é) /// GI+(1HEDG2H(HED QUGG je
<o) ([ nOdz+es)+ || | a cdudr

Next we will derive the lower order estimates for the microscopic part G which solves

|(EL, Ea, E3)(7)]| 2 dT

L2

\l(El,E2,E3><T>||L2dT) (4.17)

(4.18)

~ ~ —_ 2 P
G LG = — P, [&(’f e u> M] CPy(6,C) 1 Q(G.C) -G, (419)

Multiplying (4.19) by % and integrating the product over [0,¢] x R x R?, we have

from (1.14) that
+a/ / / DG gy < / / / G2\ dedadr
R

/R/RS%@M
—/(:/R/RBM {7P1 & (55550, + € ) M| +P1(6G.) — Q(G. G) + G} dédudr
:[3—|—I4

(4.20)
From (4.1), (4.2), (4.3), Lemma 2.1, and Corollary 2.1, we have

I <O(1 e+50/// —dfdmdr (4.21)

I <2 /0 t /R /R S ey
0 Jod e (5 v i v

+P1(6G.)]? +1Q(G, G)]* + \@\2 }dgdxdT (4.22)

< g/ot/R/RgWMdedxerrO(l)/otAﬂ(ﬂxﬁx)

(1) /t / / 3(1+|£\)G§+(1+I£D‘1Q1\(/IG,G)2+(1+\£I)‘1IétIQ dedrdr,
R
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and

/t/ /RS (Dl g g g
<///R31+\5| (P ]G (5

(4.23)
Lte]) ! e’y a ?
+4// == o (P [%(' 29' 9$+51-u1$)M},Mt)\ dedzdr
<o) (58+(€+5o)/ Rl )
0 JR
Putting (4.21)-(4.23) into (4.20) yields
T=t
. t -
/ / G—dfdx E / / UHEDG e gy 7
R3 R3
<Ot +0(1) g+50 / / / & Jedudr
(4.24)
~ ~ ~ 2
1)/0 /R<(8+(50)\,0x\ + (@, 6,) )dxdr
t
(1) G2+ (111¢) ' Q(G.G)’
(1) /0 /R /R 3 t dédadr.
Similarly, using the weight M _ instead of M, we have
L] ngdx + / [ S dedrar
R3 R3
<O(1es +0(1 / / (5+50) 15| +\(ux,9$) 2) dzdr (4.25)

(+lE)GE+0+[E) ' Q(G,G)?
1) /0 /R /R 3 L+ dédzdr.
Since for M; = M_ or M, Lemma 2.1 and (4.3) give
t t
((1+\§|)_1Q(G,G)2 (1+[EDG? ) | G?
o o Ju e < o [ ([ o) - ([ 8 doie
A+ED(G2+G) G¢2+G”
<o //(/R G ([ 55" dodr (4.26)

< O(1)et +0(1)(e + 50)/0 /1{/113%d§dxdr,

we have from (4.18), (4.24), and (4.25) the following two estimates on the entropy 7 and

G.
/ d£+// Gdde +// (i, 0,)2 + 1] (5, 0, 0)?) dadr

0,)
o ., i <om 2+ o) i
1)<5+5O)/0 /R/RS],EI] dedr

t ~
1)/0 /R/Rs ((8 +00)a + M dédxdr,
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and

/ d5+// szgdf‘ +// (10 0)? + 0, |(5, 0, 0)[2) dardr
///R QDG gedrdr < O(1 (€8+/ )
(1) €+50/// |pa|? dadr

(1+leh (63 +G2)
// [ e agdaar.

Notice that in the above two estimates (4.27) and (4.28), the double integral of p>
and p? are missing. In the following, we will show that they can be recovered from the

conservation laws. From (1.9), (1.19), and (3.3), since (ﬁ,&,é) (t,z) solves

(4.28)

ﬁt + (ﬁﬂl)z = _E47

~ N ;3 ~ 2G,

Uit + U Uiy + %‘995 + gsz = /Rfleg — L,

- o G, o~

U + Ui Uy = _/st%dg — UrUgg, (4.29)

~ ~ o~ 3Gy o~
Uz + U1UZE = —/ 7&5‘; d§ — Uy Usy,

R3

~ ~ ~ au—tle2)G.
00+ 20its, + il = [ il G LD SV

R3 P

where

Ey = (ﬁfm + ﬂ1ﬁ)x + Pfl (uf3 - Ulm) + Pfg (ufh - ulm)
it (0" = pm) + i (0™ = pm)

Az

- . Ay As [ A
Es = iU, + Wt + ui, (Ul — U1m) +uy, ( (e Ulm)

{pée,ap + 1 (043 —0m) 041 (p%3—pm) 4, 4 p3 (041 -0m) 03 (pM1 —pm) 4
0O x

ﬁpAl px ﬁpAB p,z‘ ’

2
3
Eg = 2 {(0ty, + Otn,) + ufy (04— 0,,) +uis (04 = 0,,) }

+ {(ﬂléz + Hléz) + 64 (u‘fg — u1m> + 643 (u‘fl — u1m>} ,

(4.30)
we have by Lemma 3.2 that

[ [1puPdsdr < 0)t +001) [ (@ o) (0 +0) [ 1@, ) (0)d

t
)2 + | |2 G 4.31
D[ [ (18l + fal + [ Shde) dodr (4.31)
t ~
+O(W)(e+00) [ [ o (1af? + 101 +|5) dedr

and
/t/ o dzdr < O(1)e~3 exp (_1) 0(1)/t/ (1 @) + 10 (5, @) ) derdr.
0o JR € 0o JrR
(4.32)
Hence, (4.27)-(4.28) and (4.31)-(4.32) give the complete lower order estimates.
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4.2 Higher order estimates w.r.t. M

In this subsection, we will consider higher order energy estimates of 9°M, 9°G, and 0° f
for 1 < la| <4,2 < [B] <5 w.r.t. the local Maxwellian M = M, , ¢9. First, notice that
from (4.3) and (4.4) we have

1+[§|0°G 2°G
su > <O(1) su >
Te[o,t],Ia)ceR {0§a|§3 VM Lg} ( )re[O,tLIa):eR 0<]al<3 Il VM- Lg} (4-33)
< O(1)(e + o).
For estimates on 9*M, applying Py to (1.8) gives
M, + Po(&0:M) + Po {610, [Lyf (P1(&0:M))] } wa

— Py {60, [L51(Gy + P1(60,G) — Q(G, G))] .

Applying 0%(1 < |a| < 4) to (4.34) and integrating its product with ZM over [0, ] x
R x R? yield

% /R - |B°‘M|2d5dx = —/ / /Rg |8QM|2Mt + 8D‘Maa[P0(518xM)]) dfd.rd’]'
_/ // 8”M8Q{P0{£1az[ L(P( §18zM)]}}d£d$dT
R3

B oMo {Po{€10.[ Ly} (G1+P1(£10,G)-Q(G.G))] } }
/ / /R 3 i dédzdr
7

:Z[J

j=5

(4.35)

In the following, we estimate [;(j = 5,6,7) term by term. First, (4.3) and properties of
the operator Py and P give

|I5|§0(1)5§+0(1)(e+50)/0t/R(!(ﬁx,am,ey)ﬁ 3 \aﬁ(p,u,e)f) drdr. (4.36)

1<|B|< el +1

Since

t o o -1
I = _/0 /R/RS Po(0°M)d {Po{elaKA[LM (Pl(slamM»]}}dgme
¢ Py (0°M)9*{Po {610, [Ly] (P1(€10.M))] } } (4.37)
_ /0 /R /R 3 dl dédvdr

=1+ 12,

and
|| -1

o {Lah} = L (0°h) = 2 Y0 Coy Lt (Q (0% (Lyth) 0% M)

3=0 lal=j
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where C,; are some positive constants. Thus,

¢ Po(9°M)9°{€10: [Lyy (P1(610:M))] }
1_ 0 M
= /0 /R /R 3 - dédadr
S LR
R3
P, [61Po(0°M 8a{L Py (€10,M)]}
n / / /R 3 M M, dédxdr (4.38)

< — o 5
< d4/0 /R\a (s, 0,)[? ddr + O(1)e

ro(e+a0) [ [ (|8

1<|5|<\a|

g 9(p, )| >dxd7’,

and

=- t/ ) o7 (10 M0~ {Roferd. L Pr&2M}} ey o
6 0o JRJR3 M
t P1(0°M)3> =8 {Pod €10, [L} (P1 (610, M)) s
+/0 /R/R : {O{W[M W& po\ e dudr

t
< da a 2 &
< 3/0 /Rya (112, 8,) | ddr + O(1)e

+O(et0) [ [ (|8

Here dy is a positive constant, and 5’ = (1,0) or (0, 1) which depends on the special form
of a.

(4.39)

g ‘85 P, U, 9)’ )dmdr

1<|5|<\a|

Hence

00|

t
<_2d4 / lo% 2
Is < 3/0 [ 10 (s, 0,)]" dedr + O(1)z

e 80 [ ([

Finally, by Lemma 2.1, (4.2), (4.3) and choosing a sufficiently small constant A\ > 0,
we have

(4.40)

"4 ‘8/6 p, 1, 0)‘ >dxd7'.

1<\5|<|04\

t t o 2 e 2
) <A [ 10 60) P dudr - 0(1) [ [ [ SHDECEHTEE) g
0 /R 0 JRJR3
1 t ~ 2
Ot +0(e+a) [ (!(ﬁmax,@) s oo p,um\)dm
0 /R 1<\ﬁ|<|a\

t 12 2
o(1 5 / / / (1+[E)G (HEDIOGCI  sedadr.
+O(1)(g + do) o Jr RS( M +1<|,Gz\:<|a| M Edxdr

(4.41)
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Combining (4.35), (4.36), (4.40), and (4.41) gives

// looMi* dgd‘ + ¥ //|8“ e, 0| dadr
1<|a|<4 R3 1<]|a|<4

< O(1)es + O(1)(e + &) /0 /R< (Pas i, 0 g '8%’ )dde

1<|ﬁ|<5

t « 2 le% 2
+0(1) 3 / / (1-+e) (o GI\Z\ +|0° G| )desz
|o|=4 R3

t =9 5
1 5 /// (NG AHEND G e dordr.
) (e + ) o Jn R3< N +1§%|§4 M Sdxdr

Similar to the procedure to obtain (4.42), we have the following estimates on 0*G by
using the equation (1.10)

| s dgda s /// UHEDIOGE je oy i
1<|a|<4 R3 _ 1<]al<4 /0 R3

< O(1)es +O(1) (e + 50)/0 /R ( (B, i, )| + 07| ) dzdr

(4.42)

1<|B|<4

t 2 2
+O(1)(e + 6) /0 /R /R 3 <<1+ng + % “*'fh)d'f)m')dgdxdf (4.43)

1<|51<4

t (0% (e
+0(1) ¥ / / 3(”‘5”('8 CPHOG) e vl
|o|=4 R

o1 0% (g, 0,)? dzd
* ( )1<|a<4/ / ‘ u )‘ war

For the estimate on 0% f, applying 0%(2 < |a| < 5) to (1.1) and integrating its product
with T/I—f over [0,¢] x R x R? to obtain

5, RJ'E’H'%‘%‘ [ OV M) dedar
+ / | [ Een s Caedrar + / | [ E e agdrar (444)
R R
= Z Ij.
=8

It is easy to see that

t a £12
|I] < O(l)(5+(50)/0 /R R3|81v[f’ dédxdr. (4.45)

For Iy, since

t t
I :/// 9GO (L G) /// 9*MO% (L G)
0= | e fe M dédxdr + e fs M dédxdr (4.46)
=13 + I3,
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we have from (1.14), Lemma 2.1, (4.3), (4.4) that

t . N
It = / / /R CLMOG) e gy

a| 1 t o o a—oj
12y % G / / L.° CQENGOTIM) e iy
R3

=0 laj|=j

/// UHEDGP e 4oy i
R3
|a‘ 1 1 j oy
/// (+e) (0% G ™M) s dwdr
i= %, o= R?
/// 1+|£\)|3‘*G\ d¢dzdr
R3
|a\1 o oo g
oS [ () (5
i= %, o= R?
/// 1+|E\)|5QG\ d¢dzdr
R3
~ 2 2
+O(1)et +0(1) 5+60// ( (Gor i, 0) + 3 \aﬂ(p,u,e)’>d;pd7
1<[51<of

1+[¢)G? (1+[ED]0° G2
1)(e+50)/0 /R/R< SERNRES )dgdxdT

< —

w\q

+

w\q

w\a

(4.47)
and
t P1(0°M)9* (L G
1'92:/0/1{/113 ( I{A(M)dgda:dT
|ar]—1 t o o a—aj
2y v Caj/ / /'Pl(a M)Q(@Mc,a M)dfdxdf
7=0 |aj|=j o JRJR3 (4.48)

< O(1)es +0(1)(e + 50)/(:/R (‘(ﬁx,ﬂm,éx) 2y 1<|ﬁ|<\a| ‘(9 P, U, 0)’ > dxdr

t -
Do) [ [ | (“*'&"GZ + oy ‘”5'3\48%2) dedudr.
0 /RJ/R? 2<|B|< e

Hence

3 2
< _¢o A+[EDIo* G|~
< 3/0/11[& L
1 t . =2 2
+O(1)5§+O(1)(5+50)// <’(px,ux,9x) + > '65(p,u,9)‘>dxd7 (4.49)
0 /R 1<|B|<|e

t 2 2
Diets /// (+EDG? | HENP G | e dedr
)€+ ) 0 Jr JR3 M 2§|62\:§\a| M bt

Similarly, we have for I

1 t ~
1ol < Ot + O Ee+a) [ [ (|<ﬁx,am,e$>2+ 97(p,u.6)] >dm
0 /R 1<|Bl<]al
t =9 5
+0(1)(e + 50)/0 /R/R3 ((1+|§/PG + T (1+\€|1)J[3BGI ) dédzdr (4.50)

t 2<|BI<lof
+A/ // WHEDIO"GP g 1o
0 JRJR3 M 6 war
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where A > 0 is a sufficiently small positive constant.
Hence, (4.44)-(4.50) give

// o> f12 dédx ~ + ¥ /// (1+€)) |OQG‘2d§d:{:dT
2<|a\<5 rs M _ 2<|a|<5 R3

< O(1)es 4+ O(1)(e + &) // ( pz,u$,9x)2+ 0%(p,u,0), )dxdT (4.51)

1<|,6\<5
1+[¢)G? (1+[€D18° £]2
1)(e + 6) /0 /R /R 3 ( SERTIES ) dedwdr.

By suitably linearly combining (4.42), (4.43) and (4.51), we have by choosing ¢ and
0o sufficiently small that

et
> / wdgdx / IBH\Qdéd
1<]al<4 2<|a\<5 R3

R3 -0
/// UHEVGE gegr 4 3 //|aa Uy, 0 |dmd7
1<|a\<5 R3 1<]al<4

< O(1)es +0(1) 5*‘50/()[;{( 5x,a$,9x)2+ 07| )dde

1<|ﬁ\<5

t 2 2
D46 / // (HENG” | (LHEDICR \ e dudr
JET00) o fe Jo M0 1§\XB:|§5 M- vy

To recover the estimate on |0%p|* with || = 5 in (4.52), we need to use the conservation
law (1.9), cf. [15] where the same technique was used. Since

(4.52)

pr + (pu1)z = 0,
4.53
Uy + UrUig + %91 + %px + /Rf%%dé = 0. ( )
Now, for 1 < |a| < 4, we consider
¢
/0 /R (0%ps) 0 <U1t + Ui, + 9 —l— / 51 df) drdr = 0. (4.54)

By (4.53), we have

\aﬁu\ ) (t)da

t
[ fornrae zonetvouf (5 o
0 R [B]=|a]+1 |[3| o]
s )

+O(1) / ( 9% \ +
Bl=Tal+1 il

o = /R (\aﬁ(u,e /R 3'861\‘4;'2(15> (t)dwdr

t ~
1><s+50)/0/R<]<px,ux,ex> L2
t 2
HOME+a) 5 /0 /R [ o5 ddudr.

’85 P, U, 9)‘ >dmd7’

(4.55)
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Thus
//‘30‘pz| drdr < O(1 )/( s ol r 5 ‘aﬁ“F)( )
1<|a|<4 R \1<|8|<5 1<|B|<4

+0(1) /R (KWS]aﬁpl 1<5|<4’8ﬁ“’ )

(4.56)
1 L~ 12
+0(1)et + O(1) / / ( £ +00) (o s, B2)
+ (\aﬂ u6)| +/ 1°GE d§> )d;ch.
1<|B|<5
Moreover, since
09 f12 70 _ |0°M+9°G|2 50 |05 M |2 +20° M8 G+]9° G2
/1:{3 M dg_A3 M dg_ R3 M dg
M) |2+ |P1 (05M) > +2P, (95M )08 sG |2
_ |Po(0°M)|"+|P: (0 M)|M+2P (0°M)0°G+|0°G| e (4.57)
R3
> |P0<8 M)| df,
R3

and

Py(0°M) Maap+29<|f}—£\2 3) 070 + =M
+|C¥Zla2|:jc . 1(9 Ho- a]( ) ( \52];32)
) 2 Coy {10807 p0 (072) = 079 (1€ = u)0™ (373) } M,

(4.58)
By induction, from (1.5) we have

> /|aa pou))dz <O(1) 3 /[R ‘aaf’2d§d (4.59)

1<]a|<5 1<|a|<5

(4.59) and (4.56) give

2

1<|a<4/ / 10°p,[* drdr < O(1) (5 + N(0)? +O(1)/t/ <(5+60)\(ﬁm,ﬂx,éx)

+ Oaﬁ (u,d) —|—/ 8BG2d§) )dxdT
1<\ﬁ|<5

+O(1) / / I e divdlr.
1<\a|<5 R3

(4.60)



Rarefaction Waves for Boltzmann Equation 27

Finally, from (4.27), (4.31), (4.32), (4.52), and (4.60), we have

[t d5+//<px,ux, P+ a3 0F + = [o% mu@)\)dwdf

161<5
+/ / G dé‘d + Z / ‘aaM‘2+|aaG‘2d€dl‘+ Z / / |6Mf| dfdm
1<]al<4 R3 |a|=5 /R J/R3 (4 61)
+/ / / <<1+|5| > (1+|§|1>waac|2> dededr '
R3 1<]a|<5
<0(1) (g5 + N(0)2) + O(1)(< + &) / / / <M i“f'g) dédzdr.
R3 B 1<|a\<5 -
Here we have used the fact that
2 f2
—d¢ < O(1
[ Lag<on [ e
for 6_ < 6. A direct consequence of (4.61) gives
t ~
I/ (\(ﬁx,az,ex)v + ¥ (aﬂ(p,u,e)\2> dudr
0 R L<IBl=5 (4.62)

< 0(1) (5 + N(0)?) + O(1)(e + &) / / / (Gi s >, ek )d&dxdf

4.3 Higher order estimates w.r.t. M_

In this subsection, we will consider certain higher order energy estimates w.r.t. the global
Maxwellian M_ = M|,_,__j. For brevity of presentation, we will only point out the
main differences and give the corresponding estimates without proving them in details.

The first main difference is that the fluid part Po(0*M) and the non-fluid part G are
no longer orthogonal w.r.t. the global Maxwellian M_, i.e

Py(9°M) - G
/RS —E e £ 0,

As a result, there is an extra error term in the form of

o, |, ([

The second difference is that the corresponding a priori estimate similar to (4.33), i.e

10%(p, u, 9)|2) dxdr.

2<]a|<5

1+ [€]o*G
VM_

does not hold. Then the estimate on the derivatives on Q(G, G) is different without the
weight /1 + |¢] in the a priori estimate. For illustration, we give the estimate on the
following typical term when we differentiate Q(G, G) after applying Lemma 2.1.

|a (1+]¢]) |a%G| > ( |<9a i G| >
In —jEOl%ZH / / ( 5 de / de | dedudr

sup Z

7’6[0715},3361:{ O§|Q|S3

< O()(e + do),

2
Lg

(4.63)
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Here 1 < |o| < 5.
If |« — aj| < 3, then we have from (4.3) that

1 ¢ ~
I} <Ot + 0 +00) [ [ (72 0,) Pdadr

1)(e + 6) / / / UHEDG? |y (DGR ey,
R? S

If | — j| > 4, the above analysis does not apply because (4.3) holds only for |a| < 3.
However, from (4.57), (4.58), and (4.59), we have

rG <o) ¥ ‘ L + |24
laj=5 Il VM- L2(L3) N |la|=5 M- L2(L?) M- L2(L)
o 4.64)
<o(1 i} (
N ()1§\a|§5 VM-liza 2

< O1)(e + do).

With (4.64), we now estimate ;7 for the case |« — a;| > 4 as follows. Since

(1+lenjoial’ 1+|s| )| JG| (+gD]0°9 G| ?
e <oa (//R dgd) (//R dedz |

we have for || =1

o e bV iHgoioka
I < 0(1) sup ‘3#; /Hx/m o
1 ( )Te[o,t] M-z ) Jo k=o Ve Ty

t |2 @ 2
<omE+a2f [ f AHED(OTCIHIYGF) e i,
0 JRJR3 -

Notice that G is not in L2(Lg), when a; = 0, we need to factor out the supremum of L?
norm of G when it appears. Besides this, similar to the case when «; = 1, we have

m<om[ae] o [VEERS| a4
B 0 VM-l k=oll VM= lizz 2

t 2

1+(£]0.G

YTk
JITHG

L2(L2) ‘ VM-

004G

UM
X(1mc

< 0(1)/

0

L2(12) L3(L2)

dr
12(12)

. (+eh| G2+ X 63G>
30(1)(g+50)/// R déddr.

0o JrR /3 M-

In summary, we have the estimate on (4.63) which is similar to (4.51).
Noticing the above two differences, similar to the estimate with the weight function
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M,

we have the following estimate on derivatives with the weight function M_.

)Y / / —'QQG‘E?QM'ngdx + > / / o212 dfd
1<|a|<4 /R JR3 _ 2<|a|<5 R3

v [ G GE 41,

1<lal<s Jo JRJRs M- (4.65)

<0t 40 [ [ (|10 + 5 10%(ors 0 e

1<]a|<4

t A2
+0(1)(g+50)/0 /R/E{B%d&lxdr

Finally, from (4.28), (4.62) and (4.65), we have the energy estimate

=t

[t df+//(px,um P+ Tl 0,0 + | (0% p,u@\)dm
+// d£d7—+1<%}|<4/ /R3|8aM| P d{dx—i-'aZS/ /ngaf‘ e (4.66)
+///R3<1+|£|_ +1<|%:|<5(1+|§1|\2£(1G|2> dfdde

<0(1) (=5 + N(0)?),

which close the a prioriestimate (4.2) provided that we choose g9 > 0 and € > 0 sufficiently
small such that

N(O) < €op,
{0(1) (e5 +3) < 2.

(4.66) and the convergence property on (p,%, 0) to (p%, u’t, #%) in Section 3 give the global
existence and the time asymptotic behavior of the solution stated in Theorem 1.1.

References

[1]

2]

L. Arkeryd, & A. Nouri, On the Milne problem and the hydrodynamic limit for a steady
Boltzmann equation model, J. Statist. Phy., 99 (3-4) (2000), 993-1019.

C. Bardos, R. E. Caflisch, & B. Nicolaenko, The Milne and Kramers problems for the
Boltzmann equation of a hard sphere gas, Comm. Pure Appl. Math., 49 (1986), 323-452.

L. Boltzmann, (translated by Stephen G. Brush),Lectures on Gas Theory, Dover Publica-
tions, Inc. New York, 1964.

R. E. Caflish & B. Nicolaenko, Shock profile solutions of the Boltzmann equation, Comm.
Math. Phys., 86 (1982), 161-194.

T. Carleman, Sur la théorie de I’équation intégrodifférentielle de Boltzmann, Acta Mathe-
matica, 60 (1932), 91-142

C. Cercignani, The Boltzmann Equation and Its Applications, Springer-Verlag, Ney York,
1988.

C. Cercignani, R. Illner, & M. Pulvirenti, The Mathematical Theory of Dilute Gases,
Springer-Verlag, Berlin, 1994.



30

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Tai-Ping Liu, Tong Yang, Shih-Hsien Yu, and Hui-Jiang Zhao

S. Chapman & T. G. Cowling, The Mathematical Theory of Non-Uniform Gases, Cam-
bridge University Press, 1990, 3rd edition.

F. Coron, F. Golse, & C. Sulem, A classification of well-posed kinetic layer problems, Comm.
Pure Appl. Math., 41 (1988), 409-435.

R. Esposito & M. Pulvirenti, From particles to fluid, to appear.

F. Golse, & B. Perthame, and C. Sulem, On a boundary layer problem for the nonlinear
Boltzmann equation, Arch. Rational Mech. Anal., 103 (1986), 81-96.

J. Goodman, Nonlinear asymptotic stability of viscous shock profiles for conservation laws,
Arch. Rational Mech. Anal., 95 (4) (1986), 325-344.

H. Grad, Asymptotic Theory of the Boltzmann Equation II, Rarefied Gas Dynamics, J. A.
Laurmann, Ed. Vol. 1, Academic Press, New York, 1963, 26-59.

D. Hilbert, Grundziige einer Allgemeinen Theorie der Linearen Integralgleichungen, (Teub-
ner, Leipzig), Chap. 22.

S. Kawashima & A. Matsumura, Asymptotic stability of traveling wave solutions of systems
for one-dimensional gas motion, Comm. Math. Phys., 101 (1) (1985), 97-127.

S. Kawashima, A. Matsumura, & T. Nishida, On the fluid-dynamical approrimation to the
Boltzmann equation at the level of the Navier-Stokes equation, Comm. Math. Phys., 70 (2)
(1979), 97-124.

T.-P. Liu, Nonlinear Stability of Shock Wavws for Viscous Conservation Laws, Mem. Amer.
Math. Soc., 56 (329) (1985), 1-108.

T.-P. Liu, T. Yang, & S.-H. Yu, Energy method for the Boltzmann equation, to appear.

T.-P. Liu & S.-H. Yu, Boltzmann equation: Micro-macro decompositions and positivity of
shock profiles, to appear.

A. Matsumura & K. Nishihara, On the stability of traveling wave solutions of a one-
dimensional model system for compressible viscous gas, Japan J. Appl. Math., 2 (1) (1985),
17-25.

A. Matsumura & K. Nishihara, Asymptotics toward the rarefaction waves of a one-
dimensional model system for compressible viscous gas, Japan J. Appl. Math., 3 (1) (1985),
3-13.

J. C. Maxwell, The Scientific Papers of James Clerk Mazwell, Cambridge University Uni-
versity Press, 1890: (a) On the dynamical theory of gases, Vol. IL, p. 26. (b) On stresses
in rarefied gases arising from inequalities of temperature, Vol. I1, p. 681.

T. Nishida, Fluid dynamical limit of the nonlinear Boltzmann equation to the level of the
compressible Euler equation, Comm. Math. Phys., 61 (2) (1978), 119-148.

Y. Sone, Kinetic Theory and Fluid Dynamics, Birkhauser, Boston, 2002.

S. Ukai, On the existence of global solutions of mixed problem for non-linear Boltzmann
equation, Proc. Japan Acad., 50 (1974),179-184.



