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Abstract: We introduce an elementary energy method for the Boltzmann equation based
on a decomposition of the equation into macroscopic and microscopic components. The
decomposition is useful for the study of time-asymptotic stability of nonlinear waves.
The wave location is determined by the macroscopic equation. The microscopic com-
ponent has an equilibrating property. The coupling of macroscopic and microscopic
components gives rise naturally to the dissipations similar to those obtained by the
Chapman-Enskog expansion. Our main result is the establishment of the positivity
of shock profiles for the Boltzmann equation. This is shown by the time-asymptotic
approach and the maximal principle for the collision operator.
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1. Introduction
Consider the Boltzmann equation, [2],
F,+&-Vi.F=Q(F, F). (1.1)

The goal of the present paper is, first, to introduce decompositions of the Boltzmann
equation into microscopic and macroscopic parts. We then devise an energy method
for the study of time-asymptotic stability of nonlinear waves. Our main result is the
establishment of the positivity of shock profiles for the Boltzmann equation using the
time-asymptotic approach.

As usual, the macro-micro decomposition of a solution to the Boltzmann equation is
made with respect to local Maxwellian states, [14]:

 g—ugl?
2Ty

w(&;ug, Ty) = L 0 for ug, & € R3; and Tp € R™,
QrTy)3

where the macroscopic velocity u(, and temperature Ty of the local thermal equilibrium
state w may be varying. Consider the perturbation, as customarily expressed, [8, 4, 7]:

1
F(x,1,8) = w(&; uo, To) + 02 (§; uo, To) f(x,1,8). (1.2)
Here py is the macroscopic density. The collision invariants:
wE=1
E' —uy
xi(§) = fori =1,2,3,
’ VI
xa (&) = 1 (M _ 3)
NG Ty '
/R} xi(E)O(F,F)(&)deE=0,i=0,---,4,

are normalized with respect to the Maxwellian w (§; ug, Tp);

| o T @ @©de =5y, i =0, 4

The perturbation is decomposed into the macroscopic and microscopic parts. The mac-
roscopic part fy is in the range of the projection operator Po on the space spanned
by Xl-a)l/z, i =0,---,4,; and the microscopic part is in the range of the orthogonal
projection Py:

f&x,t,8) = folx,t,86) + fi(x,1,8),
fo=Pof, fi=P1f,

3
Jolx,1,6) = (p(x, D+ Y m (e 0xE) +elx, t)m(é)) ? (&1 uo. To).

i=1
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The linearized collision operator

L(h) =072 [Q(, ?h) + QTh, w)],
has two basic properties: The macroscopic part is in the null space:
Lfo=0.

Another basic property, studied by [4] for the hard sphere and the refinement of cut-
off potentials by [7], is that the linearized collision operator is negative definite on the
microscopic part:

f fiLfidg < —vp / (f1)*d& (1.3)
R3 R3

for some positive constant vy. The Boltzmann equation is decomposed into macroscopic
and microscopic equations, cf. (2.10):

(1.4)

Sfor + Po& - Vi (fo+ f1) =0,
fie + P& -Vi(fo+ fi) =0+ p)Lfi + N(f).

Here, (1.3) is a dissipative mechanism driving the non-equilibrium state towards the
equilibrium state. It resembles the Boltzmann H-theorem.

We will apply the basic energy method to both equations. Our energy method will
yield naturally the following expression of the dissipation for the macroscopic part:

—Pot -V, L7 P (£ -V, fo)

3
= —Pot -V, L™ <P1 Y ¢ Vem') xi + P1(§ - Vo) m) ()

i=1

The right-hand side of this identity represents the dissipation of the momentum and
the energy, but not the mass. This is consistent with the compressible Navier-Stokes
equations. The Navier-Stokes equations are an approximation to the Boltzmann equa-
tion through the Chapman-Enskog expansion, [5]. The above is an exact dissipation
expression.

The Equilibrating Property (1.3) is used for the microscopic equation, while the dis-
sipation expression (1.5) arises when we apply the energy method to the macroscopic
equation. In the study of nonlinear waves, we make the decomposition around the local
Maxwellian states corresponding to the waves. The macroscopic component determines
the wave propagation. For instance, it dictates the phase location of the traveling waves.
The microscopic component is the faster decaying part. The geometry of the wave dic-
tates its stability and comes up naturally in the convection term of the macroscopic
equation. These are the basic understandings when carrying out the energy estimates.
In Sect. 2, we first briefly recall the basics of the Boltzmann equation and introduce the
macro-micro decomposition. The elementary relationship between the macroscopic and
microscopic components, particularly the dissipation expression (1.5) are presented in
Sect. 3. Basic energy estimates are carried out in Sect. 4 for the linear equation. The
nonlinear stability of the Maxwellian states is shown in Sect. 5.

The time-asymptotic stability of the Maxwellian states has been shown previously
using a different energy method based on the Fourier transform and spectral analysis,
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[17, 18, 15, 10]. These studies yield stronger results with rates of convergence. Our
thinking is that the energy method and the more quantitative method based on the spectral
analysis, or equivalently, the Green functions, should be viewed as separate approaches.
The present energy method is an elementary and basic approach. Our method is also
being applied to the study of supersonic boundary layers, [19].

We then study the positivity of shock profiles. In [3] the profiles are constructed by
solving the equation

—sF'+&F = Q(F, F).

Here s is the speed of the shock and the space variable is now taken to be one
dimensional, x € R'. In that approach, the Boltzmann shock profiles are approximated
by the Navier-Stokes shock profiles. The approach does not yield the positivity of the
shocks due to the polynomial perturbation to the exponentially small Gaussian tail in
the momentum variable £. Our idea is to show the positivity using the time-asymptotic
stability analysis. The positivity property is necessary for the profile to be physical, both
for the boundedness of the entropy density f log f and for f to be the distribution func-
tion. We take as initial data a positive approximation of the exact profile with the same
total macroscopic variables, Sect. 6. In Sect. 7 we present the local macroscopic and
microscopic decomposition based on local Maxwellians. The decomposition is based
on the Navier-Stokes profile through the Chapman-Enskog expansion. The fluid speeds
are studied in Sect. 8 and the stability of shocks shown in Sect. 9. It is well-known
that positive initial data for the Boltzmann equation yield positive solutions. Thus the
time-asymptotic stability of the exact profile yields its non-negativity. The positivity is
then shown by a maximum principle for the full Boltzmann equation satisfied by the
profile, Sect. 10.

We choose the perturbation to have zero total macroscopic variables. This choice
allows us to study the positivity of the shock profiles using only the energy method. For
the energy method for viscous conservation laws, see [6], [11], [16]. Without the zero
macroscopic variables condition, there should be interaction of fluid waves of distinct
families. For the study of the interactions for viscous conservation laws using point-
wise estimates see [13]. It would be interesting to study the nonlinear stability of shock
profiles with general perturbation. This is, however, left to the future.

The stability analysis for the shock profile demands a sufficient accuracy of the
approximate profile. The approximate profile is obtained by Chapman-Enskog expan-
sion. Instead of using the Lyapunov-Schmidt process as in [3], we apply the weighted
energy estimate method to macro-micro equations for the construction of the shock
profiles. The method requires the detailed study of the tail behavior of the approximate
profiles. For this, we make good uses of the exact expression of the dissipation parame-
ters and collision frequency ,[5]. The analysis is carried out in the Appendix for the hard
spheres and yields the needed stronger accuracy estimate.

2. Macro-Micro Decomposition

Consider the Boltzmann equation

Fi+§&§- -V F=0Q(F, F), (2.1
and a Maxwellian state
_lg—ugl?
e 2Ty 3
w(E)= ———"for&é e R°.

V2 Tp)?
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The collision invariants x;(£),i = O0,---,4, are normalized with respect to the
Maxwellian state:
/%x,- Q(g,h)ds¢ =0fori =0,---4, (2.2)
R‘
g —up
i = fori =1,2,3,
xi (&) o )
xa(E) = L M _ 3)
NG Ty '

1 1
(@2 i, w2 xj) = &;j.

Here (, ) is the inner product of the Hilbert space, H = L2(R3), for the momentum
variable &:

(g,h)E/3ghd$forg,heH.
R

The Maxwellian w satisfies Q(w, w) = 0, and the Boltzmann solution around w
satisfies

F(x.1.8) = o(&: uo. To) + 2 (1 ug, Ty) f(x.1,&) forx = (x',x2,x%) € R,

fi+&E-Nof—Lf =4(f),
L(h) = o3 [Q(w, 0P h) + 0@ h, w)], (2.3)
N () =0 10 0 f).

The linearized collision operator L is self-adjoint, non-positive, and has the same
collision invariants as Q, [7]:

(Lg, h) = (g, Lh), (Lg,g) =0, (2.4)
L@?y)=0,i=0,---, 4 (2.5)
In fact, w? Xi, I =0, .-+, 4span the null space of L. We denote by P the projection
on this null space and P the complementary projection:

fo=Pof, 1 1

Pof =Y o0, f) 02 xi,

Jo(x,1,8) = (,O(x, )+ Z?;l mi(x, 1) xi(&) +e(x,t) X4($)) w2,
fi=Pif, Pif=f—fo

Py = Range(Py),

P, =Py,

p.1) = (00, f),

mi(x,t) = <a)%)(,~, f> fori =1,2,3,

e(x, 1) = <a)%x4, f>.
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It follows that
LPof =Lfo=0, Lf =LP1f=Lf1.

Here, we introduce new norms for f(x, ¢, &):

1

12 Gty = Cf )2

102 2) = SUP e 11120 1),
Remark 2.1. The variables fj and f7, respectively, are called the macroscopic and micro-
scopic components of f. The macroscopic component is often also called the fluid com-
ponent; and the microscopic component the non-fluid component. The Hilbert space H
is decomposed into the macroscopic space Py = ker (L) and its orthogonal complement

P;. Thus fo € Pg and f; € P;. The decomposition is standard. The main interest here is
the decomposition of the Boltzmann equation and the energy estimates to be followed.

For hard sphere, [4], and Grad’s cutoff potentials, [7], L is the sum of a multiplication
operator —v (&), the collision frequency, and a compact operator K :

Lh(§) = —v(§)h(E) + K (h)(§).

The function v(§) has a positive lower bound. These facts, (2.4) and (2.5) imply that
there exists vg > 0 such that any h € Py,

(h, Lh) < —vo(h, h). (2.6)
We will write the negative operator in the space IP; as
l_‘ = thl < —Vp.

The linearized Boltzmann equation

fi+&-Vif =Lf 2.7)
is decomposed into macroscopic and microscopic equations:
Jor + Po§ - Vi fo = —Po§ - Vi f1, (2.8)

fir + P& - Vi fi = Lfi = —P1§ - Vi fo,

It will be useful later to have from the second equation the following expression for
the function fi:

fi = L7 (fie + Pig - Valfo+ f1))
and rewrite the first equation as

for + Po& - Vi fo + Po& - VL™ (fis + P1& - Vi (fo + f1)) = 0. (2.9)

Similarly, the full Boltzmann equation (2.3) is decomposed as:

Jor + Po& - Vi (fo+ f1) =0,
fir + P& -Vi(fo+ f1) = A+ p)Lfi + N(f).

The nonlinear term N (f) is expressed as follows:

N(f)

(2.10)

0 20w+ (h+ fol.po+ (h+ filo?)
= p(x.1) Lfi + N(f).
N(f) =0 20 (h+ f1). 0 (h + f)). @.11)

where the perturbation has been written as f = (o(x,t) + h(x, t, 5))w% + fi(x,t,§).
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3. Representation of the Macroscopic Variables

The macroscopic dissipation, for both Boltzmann and Navier-Stokes equations, is for
momentum and energy, but not for mass. In other words, it applies to the following
function h(x,t, £):

3
h(x,t,&) = fo—p(x,1) w% = (Zm’ Yi+e 1//4) w%.
i=1

The following lemma describes an expression of dissipation resulting from the energy
estimate in the next section from the macroscopic equation, cf. (4.2), (4.3),

Lemma 3.1. Foranymacroscopic function fo = (p(x, 4mt(x, ) xi(E)te(x, t)xa(§))
a)% (&) andn € R3, there exists C > 0 such that

(P1n-&fo, P1n-&fo)(x,1)

(- -m)*+ Y7 (min)?
< (IInII2~|Im||2+ % L +4lnli*e? | (x, 0); 3.1)
_ (- -m)*+ Y7 (min)?
C 1<||n||2-||m||2+ ? ‘ + 4In||*e?

< (L' Pun-gfo. L7 Pin-£fo)

(n-m)> + Y (m'n)?
<C (unn2 lm )+ % ! +4nl*e* | ; (3.2)
3 3
C™'Y (3,h.0h) < (P1& -V, fo. P& -Vifo) <C Y (dh. 0,:h):;
i=1 i=1
[ Pig Vg0 Prg Vg dn (33)
3 0umh? (div-m)? . 3
= f3 Z x 3 + 3 + Z (3,:m’)? +4Z(8x,~e)2dx,
R o 1<i,j<3 i=1
where || - || is a standard Euclidean norm in R>.

Proof. We have, by straightforward computations,

Py & yow'/? =0,
Pi& yjo? =&y — 38U Y (€9 for 1 <i,j <3,
P& a2 =8 ya — ZE forl <i <3,
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(P1 & 0, Py E yp0?) 1<ii',j,j <3
1 (#ND&GE#j)&I=iN& (=)
1 (#) &G #)) &G =& (=i
0 ()& (" # j) & {i. jy # 1’ J'}
0 (i # ))& (i = j")
0 (i=j)& (" #j)
-3 (i =))& (" = )& #i')
3 (= J) & (i = jH&(i = i')

(P1 & yaw?, Py & y07) =0,
(P & paw?, Py & yaw?) = 4517
The above table yields
. . 1 .y 1
> b b (P1E X0, P& xjw?)

1<i,i’<3
1<j,j'<4

3 3 3 3
=Y ")’y )+ % > ) + (Z n,-b,)
i=1 j=1 i=1 i=1

2 3
4 ) ba)> (B4

i=1
This equality yields (3.1) as well as (3.3).
Consider the following diagram:
Py — Py =, Py
1 i 1
PiE - (Bo) — T f(pg (B,

Since the operator L : P; —— [P; is injective and the dimension of P& - n(Po) is finite,
the operator L™!| P1£-n(Pp) 18 bijective, bounded and invertible. Thus there exists C > 0
such that

1 _ _
o (Pi& - nfo, Pi§ - nfo) < (L7YP1& - nfo), L™(P1& - nfo))
< C(P1& - nfo, P1& - nfo)
for all ||| = 1. This proves (3.2). O

The proof of the next lemma is straightforward and is omitted.

Lemma 3.2. There exists C > 0 such that the following holds for all ||\n|| = 1 and
Pyi-valued L?-function f:

/<Pos-nf1,Pos-nf1>dxsc/R<f1,f1>dx.

R3 3
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4. Energy Estimates for Linear Equation

The preliminary energy estimate is obtained directly from (2.7), making use of (2.6):

0—// (feir 0 (fy +& -V f — Lf))dxdt

2/ / O (fi fx) (fei & Vi fii) = (fui, Lfi)dxdt

1
= 5 fxlvfx / / fxl,foz dxdt
R? =0
1 =1
= 5 fx‘7fx dx +VO flx"flx’ dxdt
R3
fori =1,2,3.
This yields
1=t

1
E /1;3<fxi7 fxi>dx

t
+v0/ /3(f1x,-,f1x,-> dxdt <O0fori =1,2,3. (4.1
0 JR

t=0

Note that we have obtained only partial dissipation, that is, only the microscopic dissi-
pation fi.

Next we perform the energy estimates for the macroscopic component by integrating
fo times (2.9):

1
/ (os fo)x, t)dx

Z/ / (foxis PoE'L™ P& - Vi fo) (x, t)dxdt

+/(; /;{3(]60, Poé - Vi L™ (fir + P1E - Vi f1))(x, Ddxdt = 0.
4.2)

From (2.6) and Lemma 3.1, there exist C and C; > 0 such that
3. N
_Z/O ‘/;3<f()xl, POElL_lplé'fo0>(x,t)dxdt
i=1

—/T A LTYPiE Vi fo. LT P1& - Vi fo) (x, Ddxd
0 JR
s [ (TP Vo P Vol

0 JR

> Civg [ [ (PiE Ve fo, PV fo) e

3 T
> CUOZ/O /m(axih, 3, h)(x, t)dxdt. (4.3)
i=0 ’
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Combine (4.2) and (4.3) to yield

T 3 T
—i—voCZ/ / (8,ih, d,ih)(x, t)dxdt
=0 - J0 IR

+/0 /Rﬁfo”’of'in"<fn+Pls-vxfo)(x,r)dxdzso. (4.4)

1
3 /R3(fm Jo)(x, t)dx

By the Schwartz inequality and (3.3), there exist C, Cy > 0 such that

ff (fo, Pok - VL™ fi)dxds = /f PiE Ve fo, L fu)ddr

3
0C
= TZ/ / (0,ih, Bx,h)dxdt—i-Cl/ / {fir, f1s)dxdt;

T 3 T
| ] s viie aiavar =Y [ [ (PETL g s fo. S
o JR? =170 R’

Cl)o T T
§Z<T /0 /Ie3(3xih,3xih)dxdt+C1A /;e3(f1xi,flxi)dxdt>;

i=1

and

T 3 T
/0 /R}<Poszax,-f1, Poia ;L fiydxdr < Cy Z/O /m(flxi,flxi)dxdt.
i=1

This, (4.4) and (4.5) yield the macroscopic dissipation:

1=t

C1V0

1/ (fo. fo)dx /f P& -V, fo, P1E -V, fo)dxdt

=0

<3G (/ f (f1es f1e) dxdt+Z/ f (fixis fiai) dxdt) (4.6)

From (4.6) and (4.1), we can choose y > 0 sufficiently small to result in

3
-1 . )
/1;3 ((f()v f0)+)/ ;(fx’i fx’)) (x,t)dx .

C
Uo Z/ / (0,ih, d,ih) dxdt + vy~ IVOZ/ / (flais fiyi)dxdt < 0.

4.7

=1

This basic energy estimate yields the stability of the global Maxwellian states for the
linearized Boltzmann equation.
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5. Nonlinear Stability of Planar Waves

In preparation for later study of the positivity of shock profiles, we will only consider
the planar wave propagation, x € R,

F, +&'F, = Q(F, F);

5.1
F(x,t,€§) € R, (x,1,§) € R x RT x R?, 1)

and assume that the perturbation has zero total macroscopic variables:

/<xl~ 0}, f) dx
R

=0fori =0,---,4, i.e. / Sodx = 0.
t=0 R

The macroscopic component plays a different role from the microscopic component and
the above zero mass assumption simplifies the analysis, cf. Remark 5.2. From (2.2),

02// Xi (Ft+$1Fx_Q(F»F))d§dx:// xi Fr dédx;
R JR? RJR?

f<xl- I, f)dx| = fm 0, f) dx
R R

fRfodx

and prompts us to introduce the anti-derivative of the macroscopic component:

=0fori =0,---,4andt > 0.

t 0

This yields
=O0forallt >0,

t

%umasf foly.1.8) dy.

Integrate the first equation in (2.10) to obtain

Wor + Po&' Wo, + Pog' fi = 0, (5.22)
fir + P1EY(fix + Wore) = Lfi + A (f, f) = (1 +p) Lfi + N(f), (5.2b)
Wox = fo.

Write

Wo(x. 1,€) = (R, 1) x0&) + M(x.1) 1) + E(x, 1) x4(6)} 2.

RX = 105
M, =m, (5.3)
Ey =e;
and from (5.2a),
Rl + Mx = 01
2 1
M+ Ry —2Eo ot (xiw?, &' f1) =0,

2 1
E + =M, + (xa0?, &' fi) = 0.

NG
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Denote the sup norm for Wy:

[IWollloo = sup  (IR|+ M|+ |E]) (x,1).
(x,1)eRxR™T

For the variables Wy(x, t), we make an a priori smallness assumption:

1
I +1ED2 fill oo 2y + HWollloo <1 (5.4)

For these new variables (R, M, E), we have that

T
/ /RXM,dxdt: / Rdex / /R,M dxdt
0 JR R -0

= / R.Mdx
R

—/ / M, M,dxdt.
0 t=0 R

This results in

T 2 1 .
0—/0 /IeRX(Mt+Rx+%Ex+<X1w2’§ fl)dxdt
t=1
= f R.Mdx
R t=0

By the Schwartz inequality, one can conclude

// 2dxdt = 0(1)‘(/ pMdx =)‘+0(1)/T/mz—i—ez—i—(fl,fl)dxdt.
0 R

=0
(5.5)
Remark 5.1. The procedure for the estimate for / R p?dxdt is motivated by the method
in [9].

t 1
+f / _|Mx|2+|Rx|2+RxEx+Rx<X1a)7,§1f1>dxdt.
0 R

Lemma 5.2. For anyi > 0,

||alh||Lz = o()(|9sm|* + |d;el?),
||a;ath||§§ = 0()(|Laym|* + |0Ld,el?).

For the nonlinear term N (f), we have the following lemma:
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Lemma 5.3. For any i > 0 it follows

. . 1 . . .
(o 0iND) = 0 | D0 A +1EDTA 72 + 10 ml® + 15 el?
Osﬁf[%]

> 1ol fillx iz + 18Emlloo + 18 elloc

Osﬁs[é]
FOM | D0 IRl + 10 m 4 o el?
Osﬁf[é]
1
D N+ IED2OL fill e 2y + 188mloo + 19fellco | : (5.6)
Osﬁf[é]
(o500 11, L0, N (1) (5.7)

1 i i i
=O0M | D 10 +IEN2a o il + (0Pl + 0, dyel?
05ﬂ5[§}

HIA + D20 fill7, + 107 ml® 418, el?
D 18foc fill a2y + 19EBimlloo + 18F drelloo
Osﬂs[é}
+ 107 fill s, 12) + 10Emlloo + 18 elloc
oM | 30 10 a Al + 19y Pam P + 18, P oyel?
Osﬁs[%]

107 fuly + 10, m? 4 19 Pel?
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1
D N+ D200 fill o 1) + NoF Bimlloo + 180 reloo
Osﬁf[ﬂ

1
+ 2 A HIEDZE fill g 1z + 18fmlloc + 8felloo
Osﬂs[é]
This lemma is a consequence of Lemma 5.2, (2.11), Lemma B.1, and the following

1N = (16D f1, (0 + EDTEN ).

5.1. Lower Order Energy Estimates. Similar to (2.9), we have

Wo + Pog' Wo, + Po&' L™ (P1E"Woux + fir + P1Efix — pLfi = N(f)) = 0.

Multiply the above equation by Wy and integrate it over [0, 7] x R:

T o h
/ / <Wo, Wor + Po§ Woy
0 —00

+ Poe'L7Y(P & " Woyy + fir + P1Efix — pLf1 — N(f))>dxdt =0. (5.8

Since (5.2a) differs from (2.8) in the differentiation order of the variable fi, we need to
modify the procedure for (4.7) in order to obtain the nonlinear stability for the variable
Wo.

By (3.1) in Lemma 3.1, there exists C > 0 such that
C (1) < (Pog" P1&' W, Pog! P& Wo).

Thus, similar to (4.2), we have

t=

1
—/(Wo, Wo)dx
2 Jr

T T T
+ CV()/ /(h,h) dxdt—i—/ /(Plélwo,l_flfl,)dxdt
0 0 R 0 R

=l

+/r/<P151W0,Z—1Plsf1x>dxdr
0 R

—/ /(P1€1W0,Pf1>dxdf
0o JR

—/T/(Plélwo,i_lN(f)) dxdt < 0. (5.9)
0 R
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The second double integral in (5.9) can be estimated as follows: For any y; > 0,

/Tfu’lslvvo, i—lfmdxdr—/<P151Wo,i—1f1>dx
0 R R

—/r/ms‘%t,i*‘fndxdt
0 R

=/O /R(Plglpo(flwox+$1f1),l_f1fl>dxdt

PlslPoslwox,Z*ﬂ)\dxdw 0(1>/0 /R<f1,f1>dxdt

< Cylf / (h, ) + p*dxdt + 0(1)(1+y1_1)/ /(fl,fl)dxdt. (5.10)
0 R 0 R

By integration by parts and Schwartz’s inequality, there exists C > 0 such that

/Tf<Plslwo,i—lPlsf1x>dxdr
0 R

T o _
—/ / (Pr&' L7 Pi&' Wo,. i) drds
0 —00

T
- - 1
52/ /m (P16 L7 P16 Wou, P16 L PAE Wou) + U 1) dds

<2c/ /yl B )+ —(fi. fi) dxdi forall yy > 0. (5.11)

From the structure of N(f) in (2.11) and Lemma B.1 we have from the Schwartz
inequality

1 1
I +IEDTINNLz < O) (m2+e2+ (1 + |§I)2f1IIi§>-
From this, there exists C

fr/wlglwo, L™'N(f))dxdt
0 R
=/O fR<u+|s|>%P151Wo, (1 + [E) 2L N(f))dxdr

T
1
sC|||Wo|||oo/O Am2+e2+||(1+|5|)2f1||§§ dedr.  (5.12)



148 T.-P. Liu, S.-H. Yu

By the Schwartz inequality and (5.5),

/ ' / (P& Wo, pfi)dxdt 5.13)
0 R

IA

1 T
NP Wl [ [ 024 i s dar
0 Jo JR

=T T |
+/ /m2+e2+||(1+|$|)2f1||i§dxdt).
0 R

A

t
0(1)|||W0|||oo<[R,0de

From the above, for a small y; > 0 satisfying

2|/C _v
< 3
1 \

1
fRz(Wo,Wo) (P1E'Wo, L7 f1) dx

—/ / (h, h)dxdt (5.14)
t=1
L)

sou)/of <f1,f1>dxdr+0<1>|||Wo|||oo‘(/Rp%M?dx

By Schwartz’s inequality, there exists C such that for all y; > 0,

/R<P1$1W0,i_1f1>dxS/RV1<P1§1WO,P151W0>+%<Z_1f1,i_1f1>dx

1
< C/ W (Wo, Wo) + — (f1, f1) dx. (5.15)
R Y1

Combine (5.14) and (5.15) with the estimate in (5.5) to bound the term fé fR pzdxdt
in (5.10). Then, under the smallness condition (5.4), it follows that there exists y; € (0, 1)
such that

1 C T
/ —(Wo, Wo) + — (f1, f1) dx + @/ /(h,h)dxdt
R4 V1 = 3 Jo JR

1 2C
< / 5 (Wo, Wo) + " (f1, /1) + O Wollloo p>dx
R

t=0

Lo |||W0|||oo/R,02dx

=t

+oa) [ [ 10+ 16D} Al dxd. (5.16)
0 R &

Similar to (4.1), we consider the followmg energy estimate using the original Boltz-
mann equation (2.10) to handle O (1) fo f (f1, f1) dxdt in the RHS of (5.16):

/O / <f, fi+E fe—Q+p)Lf — N(f)>dxdt =0.
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This and Lemma 5.3 results in the following energy estimate:

1/_00 (. 1)d // (1+p) (f1, Lf1)dxdt

/ / (f1. N(f)) dxdt

< 0(1)/0 /_OO |I(1+|EI)7f1IIL;?t(Lg)(mvaez)JrllflIIL;;t(Lg)II(1+|$I)%f1IIigdxdt-
(5.17)

Under the smallness assumption (5.4), that is, for some y € (0, 1),
1
(1 + |€|)2f1I|L3?t(L§) +Wollloo Ky €11 < 1,

the combination of (5.16) + %(5.17) results in, for some C > 1,

o0 1
/_OO(WO,WO)—FT(JC £)dx

1=t

Y t 1 1
v [ [ by 1+ €DE AR v
0 JR 14 G

(5.18)

00 1
< / 2 (Wo, W) + —— (/. f) dx
14

—00 t=0

This concludes the lower order energy estimates for Wy(x, ) under the smallness
assumption (5.4).

Remark 5.4. We have derived this lower energy estimate as a consequence of the fol-
lowing combination:

| [ (o wor ' wo, + pog' )
0 J—oo
[ [0+ P = oL = N s
1 T poo _ _
+;/0/ <f,fz+§1fx—Lf—,oLf—N(f)>dxdt=0. (5.19)

]

Remark 5.5. Inthe lower order energy estimate (5.18), the integral || R ﬁ (f, f)dx
t=t

does not contain a component <(1 + 1§ |)% fi, 1+ |€|)% f1>, which will be used to close

the smallness assumption (5.4). Instead of using the time boundary integral, we use

the double integral [ [ ((1 4 [£]) f1, f1) dxdt and [ [ ((1 4 [ED)0; f1, 0 f1) dxdt
to resolve the smallness assumption.
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5.2. Higher Order Energy Estimates. In order to complete the nonlinear stability anal-
ysis, we need to extend the lower energy estimates to the high order derivatives of
Wo(x, t, £). For this, we need to estimate:

1
0 (IWoll sz + (1 +16D3 fill yscez)

1
19 Woll gsazy + 10+ 160300 fill oz )

», 18 the Sobolev norm,

here || - ||Hf(L§)

lgll?

wfwd = ) faag’aa

O<la|=p

The order of the Sobolev norm is chosen to guarantee the following smallness a priori
assumption:

> (112 Wollloo + 111820 Wollloo) + Y (105 £ oo ) + 10501 i ||L33(L§))

lo|<4 lo|<3
(5.20)
< ¢o for some given ¢y < 1,

needed to take care of the nonlinear term. This assumption is consistent with the small-
ness condition (5.4).

Lemma 5.6. For any g; satisfying Pogi = 0,

1
(g1 Lea) | = —5 {8 (s1 Len) +67" (g2, L]

for any constant § > 0.

Proof. Since both g and g, are in Py,

\/ggl‘f‘ —82, \/_31

—g2 € Py.

f «/3

Thus, we have

<\/_gl + ﬁgz, (\/381 + %gz>> <\/_gl \/ggz, («/Egl — %gz» <0.

This and the self-adjoint property of L ,(2.4), result in the lemma. O
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Let yp be a given positive number satisfying ¢ <« y9 < 1. Consider the following
combination:

PIR7Y / / 3 L Wo, 8, (Wo, + PoE' Woy + Poé f1>dxdt

0<i<6

+ > v / /<a Wo, 3L Pog 'L ((f1, + P1&" fis

0<i<6

+P1E fox — pLfi — N(f)))>dxdt

+ 2 I/r/1e<aifvai(ft+§fx—Lf—JV(f))>dxdt

0<i<6

+ X [ (et st + Pog'Wo, + Pog A ava
0<i<6

/ / <a;;atwo, 350, Pog' L™ ((fir + P1£" fix

0<z<6

+PiE for — pLfi — N(f)))>dxdt

+ZVOZ1//aatf83t(ﬁ+§fx—Lf N (f))dxdt =0. (5.21)

0<i<6

_—

This generalizes (5.19), which was used to obtain the lower order energy estimate
(5.18).
Finally,

195 112, + 1950, £112,

& &
Z f 1oL Woll2; + 10{a, WollZ, + ey dx

T
—i Y0 i 2 i 2
o fo [ 18Iz + ot dxar

o //||(1+|s|>2a Sillz + 1+ D20}, fil] ydxds

6 o0
. ; ; 1 . .
<> %' / 2 (nangonig + ||3}3zW0||i§) e (ua;fnjé - ||8i8tf||i§> dx
i=0 o0

=0
(5.22)
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By the Sobolev inequality with (5.22) and the following inequality:

1 .
[ 1+ e tal i dx
R 3

=t

1
§/R||(1+|§|)23§f1||i§dx

t=0

’ 1o 1
+ [ [ 1Dtk Ao+ teb ol il pdva

T
1 .
+f f||<1+|s|>28;f1||§2
1 .
+I(1+ |é|)f8;azf1||§§dxdt (5.23)

l .
<2 [ 0+ iental il dx

the smallness assumption (5.20) is justified when the initial data is sufficiently small
compared to gg. Thus, (5.22) concludes the nonlinear stability.
6. Shock Profiles
Let ¢ (x — st, &) be a travelling wave solution of the Boltzmann equation (5.1)
—s¢' +&'9" = 0(¢. ¢). (6.1)

Denote by ¢ 7 (x — st,&) and wa (x — st, §) the corresponding profiles of local
thermal equilibrium distributions:

_le—u?
$7(x —s1) = plx = s1) £ =
_lg—u? e (6-2)

e 2T

w7 (x —st,§) = Nk

where (p, u, T') are the macroscopic variables of the travelling wave solution:
px — st) = /%qs(x —st,8) dt,
m(x — st) = Elgb(x—st,é) dg,

R3

_ [ P

E(x —st) = —¢(x —st,§) d§,

R 2

" o) =E “
— =E=p|—+e].
2 TP P12

The states (p+, m+, E1) = limy_, 1 (p, m, E)(x) satisfy the Rankine-Hugoniot con-
dition:

s(p— — py) =m_ —my,
sm——my) = (u-m_+ p_) — (ugmy + p4), (R-H)
S(E_—Ey) = w—(E-+ p-) —us(Ex + py)).
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We consider a weak shock with the following normalization:

R = 1 (Gas Constant)

po =1,

u_ =0,

T_ =1,

p— — p+ > 0, (Entropy Condition) (6.3)
- —p4| K 1,

€= [p— — p4l,

‘s - %‘ <1

Let (ons,uns, Ens)(x — st) be the Navier-Stokes shock profile (A.9) obtained
through the Chapman-Enskog expansion. This profile connects the same end states
(p+, u+, E+). We denote the corresponding local Maxwellians by

,‘EEMNSF
Tns
Gir(x —s1,8) = pNs
A @QrTys) 6.4
el (6.4)
e 2Tns

wi(x —st,8) = m

7. Local Macroscopic and Microscopic Variables

Denote by J(x, t; §) the perturbation of the travelling wave ¢ (x — st, &) with local
Maxwellian initial state:

F()C,[,S)E¢(.X—St,€)+.](x,t,€), (7 1)
F(x,0,8) =¢7(x,8). ‘
The equation for J(x, ¢, §) is
W +E' T =00+ .0+ ) — Q. 9). 7.2)
J(x,O,S)E¢y(x,§)—¢(x,§). '

With the change of coordinates:

X — X — st,
t—t,
the shock profile becomes stationary, and (5.1) and (7.2) become

Fi+ (' —s)Fy = O(F, F),
S+ E =)L =00 +¢,J+)— 0, 9). (7.3)
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Since a shock profile is orbitally stable, to properly locate the shock, we use the conser-
vation laws for the macroscopic variables. Our choice of the initial state yields

/OO/ J(x,0,8) di-‘dx:/oof J(x,t, &) dedx = 0,
—oco JR? —oco JR?

/m/3§ij(x,0,§)d§dx:/wf EJ(x,t,6)dédx =0fori=1,---,3,
—o JR —co JR?

/OO/ €17 (x,0,8) dédX=/oo/ &2 (x, 1, &) dEdx = 0.
—o00 JR3 — oo JR3

This implies that the perturbation does not cause the time asymptotic phase shift of
the shock, [12]. Consider the anti-derivative:

X

Wix,1,8) E/ J(y,1,8) dy;

—0o0

W, + €' =)W, —/ QU +¢.J+¢)— Q. ¢)dy =0. (7.4)

We use the local Maxwellian profiles ¢ (x, §) and w;(x, &) for the macro-micro
decomposition. Let L and .Z, respectively, be the linearized collision operator around

¢1r and ¢:

LJ = Q. J)+ QU brr),
ZJ=0Q(¢. 1)+ Q. ).

We also introduce the following deviations:

DJ=%J—LJ,
NN =0 +¢.J+¢)—Q(¢.¢)—LJ - DJ.

The functions v; (x, &)ws-(§), 1 =0, -- -, 4, span the kernel of L:

L(wiwtr) =0fori =0,---,4,

Yote.6) =1,
ey & NS

Yi(x, &) = 1% forl|2_1,2,3
—UNS

o) =— [ -3).

Yax. £) f6( - )

Remark 7.1. These invariants v;w;, are orthogonal with respect to the weight w; in
(6.2).
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For h(x,t,£) and j(x,t, &) functions on R x R™ x R3; and A an operator on
L?(R x RT x R?), we set

) 60y = [ g/ e
ialg) (v = [ g fo de,

(h, j)(x,1) E/ h jd§.
R3

Remark 7.2. The inner product (, ) of Sect. 2 differs from the present one. The is so
because the perturbations are expressed differently in (1.2) and (7.1). The above colli-
sion invariants are orthogonal: For 0 <i, j <4,

<1//i0)tr|‘ﬁjwtr> = 3;
The following lemma follows from the definition (6.2) of ¢ & by direct calculations.

Lemma 7.3. The profile ¢ 7 in (6.2) satisfies

/ ¢ —p7dE =0,

fRS%@—(ﬁy)dEEOforxeRandi=O,~-~ 3,

L[ (le—uP? )
— -3 — dé =0.
G R3< . (¢ — ¢.7)ds

The macroscopic and microscopic variables, for W (x, ¢, §) and J (x, ¢, &) are defined
by

4 4
Wo(x, 1,€) = Y Wi Vi Jolx,1,8) = Y J§ Yieorr,
‘ i=0 i=0

Wé = (W|1ﬂ,~a)tr) . Jé = <J|I//iwl‘r> ’

PoW = Wy; PoJ = Jo,

Wilx, 1,6) = Wx, 1,§) = Wolx, 1,6); Ji(x, 1,§) = J(x,1,8) = Jo(x,1,6),
P\W=W;; PiJ=J.

Remark 7.4. The function Wy is the macroscopic component of the anti-derivative W,
and not the anti-derivative of the macroscopic component Jy, see Lemma 7.6 and the
remark following it. The two are the same when the underline Maxwellian state is global,
as in Sect. 5.

Definition 7.5. .# (x, t, £) is a purely microscopic function iff #y(x,t, &) = 0 for all
xandt. M (x,t,&) is a purely macroscopic function iff #(x,t, &) = 0 for all x and
t, where

My =Y}y Wiwl M) Yo,
M = M — M.
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Lemma 7.6. If A/ (x, t, &) is purely microscopic, then M (x,t, &) and My (x,t,E) are
purely microscopic.
Proof. Since ./ is purely microscopic and x; is independent of (x, #),

0= (xi,#); 0= xi, #) = (xi, M;)fori =0,...,4.
Similarly, .# is also purely microscopic. O

Remark 7.7. Since the base equilibrium state wy, is local and depends on (x, t), .4,
is not necessarily purely macroscopic even when .# is. We have from Lemma 7.6,
PoW, = Wy, PoW, = Wy, and since J = W,

Jo = PoWox; Ji = P1Wox + Wiy (7.5)
From (7.3) and Lemma 7.6, we have the decomposition

HWo + Po(E' — 5)Pody Wo + Po(E' — 5)J; =0, (7.62)
Jir+ P —s)(Jix + Jox) — LJy = DJ + N (J). (7.6b)

From (7.6b),

Ji=L7 1 + PiE = 5)(J1x + 8, PoWoy)) — L™'DJ — L7' ¥ (J),

o (7.7)
L='DJ = L™ D(Pyd, Wy + J1).

Substitute (7.7) into (7.6a) to result in:

HWo + PoE" —5)PodcWo + Po(E' — )L™ P1(E' — 5)d, Pods W
+ Pog! —s)L! (8,]1 L P —5)acdy — pLJ; — N(J) — DJ) =0. (78

Reference Macro-Micro Decomposition. Relative to the local macro-micro decomposi-
tion in the above, we introduce a reference macro-micro decomposition. Since the fluid
variable (p, u, T') for the left states of the shock wave have been normalized in (6.3),
we can use the absolute Maxwellian state Mjj o,11(§),

_ kP
e~ 2
Mpon(¢) = ——
V(@2n)?
to define the following reference macro-micro decomposition Pgef + Pief :
A
1, 2 = )
el R® Mi10,1)

4
f g —
Py H = Z(XiM[l,O,l]s H)ref XiMi10,17,
i=0 .
P'H=H-P)H,

where y; is defined in (2.2) with ué =0for j =1,2,3and with Tp = 1.
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Notations of Norms.
1
|Hl2 = (HIH)?.
ref
— 2
M50 202y = Jr ||H||L§ dx,

— 2
1 leg 20y = oI, 2 d,

1
|Hlep, 12 = (H. )

||H||L§§,(L§) = SUP(x,/)eRx R* ||H||L§(X, 1),

1 e 1 02) = SUPGe e 1 H g, 12 G601,

Remark 7.8. For the macroscopic component PoH, the two norms,| PoH || 12 and

|PoH ||ref’ 12 are equivalent, that is, there exists K > 1 such that

K™ IPoH 2 < I1PoH 12 < KIPOH] 2.
Remark 7.9. Local Existence in Time. With Lemmas B.1 and B.2, one can have the local
existence of J in the norm || - ||, ef LA(LY) by rewriting the equation of J as follows:

WJ +&'9,J =LJ+ (L -L)J+ Q(J, ),
SMALL

and applying the standard Picard iteration to the above equation. Here,
L/i=0WM,J)+ Q(J, M).

About the variable W = Z?:o Wéq&iw, it can be represented by a finite dimensional
hyperbolic system with a given source terms as follows:

3 (0, WO) + 3 (x0, E'WO) + (x0, Po&'J1) =0,
¥ (O, WO + 3 1, E'WO) + (1, Pog' 1) =0,
3 (xay WO + 3y (a, E'WO) + (x4, Pog' 1) = 0,

where W({ = 0 for j = 2, 3 due to the planar wave assumption.

Thus from this finite dimensional hyperbolic system, the local existence of J in
I| - ||ref’L§(L§) also results in the local existence of Wy in || - ||ref,L§(L§). O

8. Basic Matrix Representations
We denote by [£!' — s] the matrix representation of the multiplication operator &! — s:
6" = sl = (Wiwnl§" = slyjon). (8.1)

The system
v+ [5 —slue =0, ve R,
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defines a strictly hyperbolic system. We denote by A;, r; = (r}, rjz, r;)’ , and [;

{ }, 1]2., 113.) the j™ eigenvalue, and the corresponding right and left eigenvectors of

(£ —s]:

Al < A2 < A3,

A < A <O,

[A3] < 1,

(€' —s] rj=2r;, (8.2)
lj 3[51182] =il

im0 =

D=t Ty =67

The eigenvalues X; are

Ao=ul— %—S,
)\zzul—s,

A3 = ul + STT —S.
From (8.1), the matrix [£ ! —s]is symmetric. Combine this with the normalized condition
21‘3:1(”;")2 = 1 to yield

3
> ot =0fori =1,2,3.
k=1

From the vectors r;, we define r ; and [ ; as follows:

rj = (rjyo +rivn+r3vs) o, 83)
1 = (o + Py + DY) o, '
so that, for any v,
Po(s]1 —S)rj=Ajrj, 8.4)
(Lj(§" —s)|Pov) = Aj(l;[v.).
The macro-micro components satisfy, cf. (7.5),
3
Wy = Z wjrj,
j=1
h = Jo — (w1 Jo) oy, (8.5)

h = (h'y1€) + h*ya(®)) o,
3 3

Jo = Poy ijrj, J1 = P10y Zw(ir./ + 0, Wi.
=1 j=1
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Theorem 8.1. There exists €y, €1, 621, and €3, 4 € (0,1) so that the profile
¢ (x — st, &) satisfies

~ St
_% e 24
lp(x,&) — ¢ (x,8)| < %0 e <'536|’C‘,o—, (8.6)
VT x)3
~ g
AT
0kp(x, ) < Go €Tk e BN S fork=1,--- 6,
T(x)3
2
% 52 e—2%”3 € |x| < —0y <l3(§1 — s)|r3> = —0 M3 < ;7 e—%lslx\. (8.7)
4

Remark 8.2. The above rate of the profile converging to the Maxwellian equilibrium
states at |§| = oo improves that of [3]. The inequality (8.7) is the compressibility of
sound speed across a shock profile; and (8.7) is a fact on the traveling wave solution
of the compressible Navier-Stokes equations obtained by Chapman-Enskog expansion.
The proof of this theorem will be given in Appendix C for the hard sphere. O

9. Nonlinear Stability of Shock Profiles

We impose an a priori smallness assumption:

> (10 Woll 2y + 1950 Woll 2 12,

o] <4

+ 32 (008 e a2y + 1020 g2 02))

loe|<3

< ¢o for some given ¢y < 1. 9.1)

Similar to (5.8), we consider the energy estimate by integrating Wy times (7.8):

/OT/C:(WO'E)IWO + Po(§' = 5)Pod: Wo + Po(§' —s)L™'P1(§' — S)axPOaxW0>
dxdt
+/Ot /Z(WMPO(EI —s)L™! (3111 + P —5)dcJ1 — DJ —</V>>
dxdt = 0. ©92)
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This results in

I+ D+ B+ I+ Is5+ I+ I+ K

1 00 t=t T 00
= 5[ (Wo | Wo) dx +f f <Wo|Po(€l —s)PoaxWo>dxdt
—00 =l 0 J-oo

+// <W0|Po(sl—s)L*1P1(g1—s)axPoaxW())dxdt
0 —00

o L

WolPo(! — S)L_18,J1>dxdt

Wol Po! — )L™ P (&' — s)am)dxdr

<
<
(WolPo(&" — 9)on ) dxar
(WolPo(&" = )L™ N () dxdr
<

Wol Po(e! — s)L*lDJ>dxdt =0.
We now estimate .%;, i = 2, ..., 8 using (8.5). First,

T o
fzz// WolPo(Sl—s)PoaxW())dxdt

=/ f Z}\ w; |:w]x+2wk Jlaxrk)i|dxdt

//(

Remark 9.1. In the above last double integral, the term —%(wg)2 is a positive term

due to the compressibility of the profile (8.7). It is a good term for the energy estimates.
8’*; L (w j)2, Jj =1, 2, are not necessarily positive and

+A,w,2wk (t; |8xrk)> dxdr. (9.3a)
k=1

The other two transversal terms —
will be estimated later.

By (8.2) and (8.7), the term Y _; ;3 A jw,wi (105 ) can bounded by O (1)|dxA3]
Z?: 1 wiz. Thus there exists C > 0 such that %, satisfies

fo [ tostal e = € (n? + o) dnde < 52
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The term .#3 is defined and estimated as follows:

T (@]
I = / / <W0|Po(f;‘1 —s)L7'Py(E! —s)axPoaxWo>dxdt
0 —00

Z/T/OO <P1(§1 — S)WolL7 P o, (& —s)Jo)dxdt
0 —00

[ [ (P oniL P! =) dxar
0 J—oo

[ [ (P —smoi e =)
+(P1E" = )Wol (L™l P1(E" =)o) dxdr

[ (e —opwnlL P —00)

(@11 )x

+<P1 E = WolL7 Y|P (E! — s)Jo>dxdt. (9.3b)
tr

The x-derivatives in the above eventually will be applied to the profile ¢,, to generate
a factor ¢/, = O(1) €2 =€l This and (9.3b) yield that there exists C > 0 such that

‘fg%—/t /oo PiE" —)J|L7 P (g —s)Jo>dxdt

< Ce (/ f (Wol Wo) —2%’3GIX\+(P1(§ — ) Jo| Py (€] —s)J0>dxdt>

Apply the estimates in (5.10), (5.11), (5.12), and (5.13) to %, F5, S, and S7,
respectively to yield that there exists C > 0 such that for any y € (0, 1),

=t

o0
f4+f5+f6+f7—/

—00

((g‘ —s)Wo|L’111>dx

t=0

T o
[ (P ponwoi ! pig! Pod )
—00

T oo
< cf / y €2e 20 (W 1Wo) dxdt
0 —00

+;f0 /RllJlllref’Lgdxdt.

Here, the first term in the RHS of the above inequality is a correction to the energy
estimate in Sect. 5.1 because of the presence of the shock profile. The second term in
the RHS results from the inner product (Macro|Mirco) in (5.10), (5.11), (5.12), and
(5.13):

v M .
0(1)||ﬁMacro||L§ . ||Mzrc0||ref,L§

O(D)[Macrol| 2 - [ Mircol,.p ;2 (9.3c)

(Macro|Mirco)

IA

as long as [ps /Z—;dé;' < 0o uniformly in x.
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The remaining term .#g is estimated as follows:

Ty = _/Tfoo <W0|P0(g:1 —s)L_lDJ>dxdt
0 —00

- /r /Oo (Pl(gl — S)WolL™' D(Pod, Wo + J1)>dxdt
0 —0

T o0
—/ / <P1(§1 —s)W0|L_1DP08xW0>dxdt
0 —00
T o0
—f f <P1($1 —s)W0|L_1DJ1>dxdt
0 —0
T o0
/0 f 0(1)<h|L’1DWo>+0(1)|8A3| 1Dllesc2 (WolWo) dixd
—00

T o0
— / f <P1 &' - s)W0|L_1DJ1>dxdt.
0 J—oo
From (8.6) and Lemma B.2, the operator in £ is of following order:

IL7' D,z < O1) € =M.

Then, by the Schwartz inequality C > 1 exists such that for any y; € (0, 1),

Sy < C/o / <)/1 (WolWo) € [0xA3] + i((11|11)+(h|h>>> dxdt.

Finally, from the above estimates on .#;’s we conclude that there exists C > 0 such that
forany y € (0, 1),
1=t

1 > 1 -1
3 [ ol + (i€" =yl ) dx

t=0
T o0
+/0 f 19:A31{(w3)? — C(wi + w3)}dxdt
—0oQ

T o0
—/ / <P1§IP08,CW0|L’]|P1$1P08xWO>dxdt
0 —00
<[ [ ) 2 2 SVLR . Ldrd 3d
< | [ _cviadal 1wl + Sz, (9.3d)

Transversal Estimates. In (9.3d), the non-positive double integral [ [ [0:A3]

(—Cw? — Cw3)dxdt remains to be estimated. For this, we consider the following
double integration:

gE/T /OO 9 ha <W0|($1 —s)W0>dxdt.
0 —00

Since the shock wave is a 3-shock wave (8.2), there exists C > 0 such that
T oo 3
G = / f WS Z,\j(w,)2dxdt
0 J—oo =1

> /0 [ touial (Walltr? + @) - Cetus)?) dxar.



Boltzmann Equation: Micro-Macro Decompositions and Positivity of Shock Profiles 163

Remark 9.2. The consideration of a transversal wave estimate originates from the energy
estimate for the stability analysis of a viscous shock profile, [6]. Here, we have rewritten
it in a compact format in order to be able to apply it to the Boltzmann equation.

Use integration by parts to yield

@ = —/T foo Agax<wo|(gl _ s)W0>dx (9.4)
0 —00

T o
- —/ / A32<W0|(§1 —s)POBXW0>+ O ()3 Gexl (Wo|Wo) dxdt
0 —00

T o0
—/ f 152 (Wol — 0, Wo — €' — )1) + O e (o Wo) de
0 —00

t=t1

o0
_ / A3 (Wol W) dx

—00

t=0

T o0
+/ f 205 (Wol(! — $)01) + O e (o[ Wo) dixar
0 —00
and so

o0
/ s (Wol Wo) dx

—00

1=t T %)
+ / / —3:23 (w1)? + (w2)? — Ce(w3)?)dxdt
=0 0 —00

T o0
5] / 203 (WolJ1) 4+ O(1) €3e= el (W | W) dxdt.
0 —00

In the above estimates, the term [; [°0_ 23 (Wo|J1)dxdt can be bounded by
o) e (F+ -+ #). It follows that

/ ' f v drs (1) + (w2)? — Ce(wz)Hdxdt
0 —00

o
2 2
< 0<1>e/ (nvvonL‘g + ||Jl||ref,L§)

—00

+ <I|Wolli§ + 111 ||fef,L§>‘ dx

1=t

t=0

T o
+omey [ [ e R dar
0 J—oo §

€ [T [® )
+0(1);/0 /;OO ”Jlnref,Lngdt' 9.5

Take y to satisfy
ey K1

and consider the combination

9.2) + %(9.5) +/rfoo (J, (1.2))f dxdt.
0 J—oo
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(Here, the estimate for fj [°0_(J, (7.2)),. dxdt is almost identical to (5.17) and is

omitted.) This results in the first order energy estimate

0 M 5 1 2

—00

=1

[ (e —omie e - o) axar
0 —00
+ f / —'3*2“' ((w3)2 +||*22_”°°<<w1>2+(w2)2>) dxd
0 J—oco Y
1

o
1
2 2
<2 / [E + 0(1)6i| IWollz; + =~ (1 + OO,

—00

t=0

This corresponds to the energy estimate of (5.14) with corrections due to the presence
of the shock layer.

With the shock correcting terms estimated in (9.5), we can apply the same analysis
leading to (5.22) to conclude that, for given o and y sufficiently small,

> y—"/o L(aiwo|a;<wot+Po(sl — $)Wor + Po(§' —s)h)dxdt

0<i<6

+ 2 V"fo /R<a:;Wo|a,’;Po(sl =L+ PrE =)

0<i<6

+P(E" = 5)Jox — pLJ1 — N(J))))dxdt
—i—1 ! i i
+ Z Y /0 /R<3XJ, (S +&J, —LJ — W(J)))ref dxdt

0<i<6
. T . .
+ Z v / / <3§3tW0|3}3z(W0z + Po(E' — )Wox + Po(e! — s)]1>dxdt
0<i<6 0 JR
. T . . _
+ Z Vﬁl/ /<8i3tW0|3}3zP0($1—s)L*1
0<i<6 0 JR

X (Nt + P1E" =) )15+ PrE' = 5)Jox — pLJy = N(J)))dxdt
+ > y—f—lfo /R<a;;a,1, Oh Uy 60— LI =N () dds

re
0<i<6
1 T o0 1 "
+ 93 <W0|(s —s)Wo>dxdt—2A3(Wo|W,+(§ —s)J1>
0 —00
+0(1) 3= (Wo|Wo) dxdt = 0.

Finally, this combination yields the higher order energy estimate:
There exists C > 0 such that
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—Zf

0<i<6

(y‘f(na§W@n§§+-mia,ani§)—ry-* l(na T2, Lz*'”af%JHZsz))t_de
(9.6)
e [T P
+—/ /||W0||i2 e~ e dxdr
+ Z/ / <||aj;h||iz+||8§8;h||iz>dxdt
0<i<6 § §
—i—1
+§:/1 - @a+@wahmdg+na+wm8&M|ﬂgdwt
0<i<6
<C > /( B ||alwo|| +||a;;a,w0||§§)+y—’ 1(||a Iy 2
0<i<6
+oia,J )2 2)) dx.
ref,L =0

With this, (5.23), and the Sobolev inequality, the smallness assumption (9.1) is justified
when ¢y is sufficiently small. Thus, nonlinear stability of the shock profile follows.

10. Positivity of Shock Profiles

We consider the initial value problem

F+ (&' —s)Fc = Q(F, F),
F(x,0)=¢7(x) > 0.

From Lemma 7.3, J = F — ¢ satisfies

o
/ f xiJ(x,0,8) d°dx =0, fori =0,--- 4.
—oo JR3
The stability theory yields that
lim J(x,t,&) =0orequivalently lim F(x,¢,§) = ¢(x,§). (10.1)
1—00 —00
We break the collision operator into lost-gain parts:

F+ &' —$)F.+ Q_(F,F) = Q.(F, F), (10.22)

Q_(F,F)= /R3 o F(x,1,80) C(2,§ — &) d&,d2 F(x,1,§),
=T(F)-F,
O+(F, F) = / , F(x,t,EVF(x,1,8) C(Q,& — &) d&dQ, (10.2b)
R3xS
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where

g =E4+(Q (& —-8)Q,
E;:é*_(g(f*_g)) Q,
Qe S2.

and C (€2, £ —&,) is the angular cut-off function by [7]. In our case, the function C (€2, £ —
&,) for a hard sphere collision is

C,§-6)=1[Q- & —&l (10.3)
One can rewrite (10.2a) as follows:
Fi+ (' —s)F + T'(F) F = Q(F, F). (10.4)

This yields the representation of the solution:

F(x,t,&) = /t e_frt D(F)(x—E'=s)(t—1).7".8) dT’
0
X Q+(F, F)(x — (£ —5)(t — 1), 7,6) dt

4o o TOG—E =)0 8dT by _ (g1 _ 5y 0,£). (10.5)

Here, the functions I'(F) and Q4 (F, F) are positive when the function F is positive
and integrable in £. Since the initial data of F is positive, the global existence of F and
(10.5) yield that

F > 0.

This and (10.1) result in
¢(x.6) = lim F(x,§,1) = 0.
t—>00

From the stability analysis, ¢ is a small perturbation of a local Maxwellian profile.
Thus, we conclude that there exists a sufficiently large R > 0 such that
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¢(x,&) > O0forall |£] < R. (10.6)

We now show that ¢ is strictly positive for all & € R>. This is proved by contradiction.
Suppose that

é (x0, &) = 0 for some (xq, &) € R x R°. (10.7)

Since ¢ (x, &) is a stationary solution of the evolution equation,

(X, &)+ (E' — ) + 0_(#, 9) = Q4+(9, D).

We have the integral representation of ¢ (x, &):

t 14 ! !
6 (x. £) =/0 ¢ R T@O—E =00 5 (4 ) — (€' — 5)(1 — 1), £) d

Lo h r(</>><x—<s‘—s)(t—r’>,s>dr’¢(x — (&' =91, 8).

Since ¢ > 0, the above double integrals are non-negative. With the assumption (10.7),
both of the above double integrals are zero for (x, &) = (xo, &).
Thus

{¢(xo — (&) —9)1,&) =0,
0+ Dlx e)=(xo— &) —s).e0) =0

Sett = 0 to yield

0= / ¢ (x0, £0)¢ (x0, £.)C(Q, &0 — £4)dE,d Q.
R3xS2

Here, the function C($2, £ — &,) defined in the operator O in (10.2b) is a positive
function, except for the case when &y — &, and 56 — &p are orthogonal,

¢ (x0, £) (x0, &,) = 0 for (§o — &) - (5 — o) #O. (10.8)

We now set up areduction procedure to find a sequence &g, &1, - - - withlim; . & =0
and ¢ (&g, &;) = 0. This would lead to contradiction to (10.6).
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£
&i
&
&
&
Case 1. ¢(x0,&,) =0
Case 2. ¢(x0, %)) =0
é* =0
&it1 / : o)
i+1
&, g/
* £, =0 i+1
Case 1 Case 2

Suppose that (xg, &) is given and ¢ (xg, &) = 0. Consider the collision of a particle
with velocity &; to a stationary particle with velocity &, = 0 with 7 /4 scattering angle,
the angle between &; — &, and éi/ :

T
(& — &) - (& — &) = cos ZII%‘{ =&l - 1§ — &Il #0.
Apply (10.8) to either ¢(&/,x0) = 0 or ¢(§;,x0) = 0. Take & 41 to be & or &,
# (11, x0) = 0. By the choice of the angle, we have |&;41| = |&]/+/2 = 27@+D/2|g).

This leads to a contradiction to (10.6) and we have thus proved the positivity of the shock
profile

$(x,€) > O0forall (x,&) € R x R>.

Appendix A. Chapman-Enskog Expansion

Consider the Boltzmann equation
1
B,F—i-E-VxF:;Q(F, F), (A.1)

where ¥ > 0 is the mean free path.
Expand the solution F and the operator 0;:
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F=F0+KF1+K2F2+...,

0 do 01 502
Py 8t+K8t+K at—l—...,

where % are differential operators of x on the fluid variable p, u’, T, . . ..

The leading term Fy:

_\s—u|2
2RT
Fo¢,x,1) = p ——=
VQrRT)3
do
—p =—di
o’ = “’3’"
30 i = — i.miuj - i.p,
8t ox/ dx!
j—l
= Z — [E+plu/,

2
. . 3
m'=pu', E=p (%—i—éa),éaEERT,pEpRT.(REI).

F1 is uniquely solved by:

0,
O (Fo.F1) + O(F, Fo) = B—?Fo +& -V, Fo,

/ Fid§ =0,
R3

fzngldg =0fori =1,2,3,
R,

/ EPF1dE = 0.
R3

Notice that

Fy is purely microscopic; and |8)]:,-F1| < 0() sup |8f,- a3, Fol.

1<j<k

The operator is defined by

—,02—[ §-ViF1d§ =0,

PPl 'p=-— / £ .V, Fide

j=l1

169

(A2)

(A.3)

; 3
9 dut w2 uk .
=32 (wr Sy s ) fori=1,2,3,
ax/ (“( )|:8x/ axi 3k ]D ort
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01 |u?
A (L
a;p( 2

~ [ 16P ¢ v.Fuae

3 3 @ [ du* N dul\ 2 ouf
= — u — — | — U’ —
axs P axl " axk) T 3" oxi

1<jk<3
+Z— (T )@

where «(T) > 0 is the viscosity coefficient and A(T) > O is the heat conductivity
coefficient. These dissipation coefficients can be estimated for the hard sphere, (B.3).

From this definition of 2 5 r’

01 . . .
aFO + & - V,F| is purely microscopic. A.4)

From (A.2), (A.3), and (A.4),

([80 + @] Fo+&- V. <F0+KF1>)

ot at
—;(Q(F0+KF1,F0+KF1)—Q(KFl,KFl))EcS”, (A5)
& Purelymicroscopic. (A.6)

The first two terms in the expansion of %

0 do 01
LoD A=,
at ot at

ad do 01 ;
——— —k — | pu' =
ar ot at

3 3 |u|?
——— —k — — 4+ &) =0,
(81‘ o1 "at)p< 2t )

give the compressible Navier-Stokes equation:

pt+divm =0,
3
2 .
m +Z(m u’)x,+px1 —ICZ (/L(T)|: x]+ux,—§ u];k 8;:|) ,i=1,2,3,
j= 1 k=1 xJ
. ; 2
EI+Z(M'/ [E+p]) =K > (u(T) [uk (u];jJruik) ¥ u! ];/D _
= ! 1<j.k<3 !
3
+x Z (M) T),, -

(A7)

Let (p, m, E) be the solution of (A.7). From this,

d do 01
R (T Y
or ° (3[+K8t> 0
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From this and (A.5),
d 1
E(FO +kF1)+&- Vi (Fo+«Fyp) — ;Q(Fo +«F1,Fo+«F) =S, (A8)

a
S EKEF] +xQ(F1, F) +.7,
S : Purely microscopic ,

|S| < 0(1) 63 e—%(ﬂ+%)|u+—s+4/5T+/3| |x].

Let (o, m, E)(x,t) = (p, m, E)(x! — st) be a travelling wave solution of (A.7)
connecting the two end states (p+,m+, E1) of a planar entropy shock wave in the
x!-direction; and let the length of the mean free path «:

Kk =1;
and the equation of the shock profile is
—spa +ml =0,
_ - _ 4 -

_sm)lcl + (mlul)xl + P = 3 (;,L(T)u)lfl) . (A.9)
1 X

—sE, + <121 [E+ 15])X1 = (M(T)ﬁlﬁ}cl)xl + (M) To)

lim (p,m, E)(x) = (04, m+, Ex).
x—+o0

We will view A = Fo + F; as the approximate travelling wave for Boltzmann equation.
The truncation error is then

S= (' —s)(Fo+Fiu — Q(Fo+Fi,Fo+Fy), (A.10)
S : Purely Microscopic, (A.11)
7] < O(1) €3 e—%(u+%)\u+—AY+ml IX\’ (A.12)
A=Fy+F;. (A.13)

When the strength |p— — p4| + [m—- — my| + |E_- — E4| of the shock wave is
sufficiently small, the acoustic speed of the travelling solution is monotone: (Here, the

shock is a 3-shock.)
st

Under the same setting as in (6.3), there exist C,,, ¢;, and ¢, satisfying

for x! >0:
10,1 _ = _ 9 apyl
620167?6“ < -9, ul + S?T SGZCue To€ex ,
) (A.152)
_ 9 oyl
S| < € Cye o,
for x! <0:
10,1 _ 7 EP|
6201€7e6x < -9, l/ll + STT < 620,46'09” ,
v (A.15b)

9 1
|S| < 63 CUemeEx ,
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3 +)\ |M+—S+«/5T+/3| 1 105 i |u+—s+«/5T+/3|
- m .
s € f256 e—0+ €
(A.15¢)

The last estimate is for the hard sphere, see (B.3) of the next section.
These facts about travelling wave solutions of the compressible Navier-Stokes equa-
tion can be easily verified.

Appendix B. Estimates on Collision Operators

From now on we will consider only the hard spheres. The collision operator can be
written as follows see [8, 7]:

Lh(§) = —v(§)h(E) +/R3(—k1(é, n) + ka(§, m)h(n) dn, (B.1)

Lh = —vh — K1h + Kah. (B.2)

£ u?jg?
v(s)EJEbo( T+|§|2[ e 2 du),

by g2+
ki(¢,n) = —nle” &,
22w
L 2by 1 _M_lw
s = — l&—n|?
26,1 o |§—77|

here by is a positive constant. (We set bg = 1.)
Under the normalized condition (6.3), the coefficient of viscosity, heat conductivity
and minimum of collision frequency are, ([5, 7]):

5
TN
7%

YW
vy ~ A/ 27.
From (B.3) and (A.15c), we obtain the crucial estimate on the strength of the collision
frequency needed for the energy estimate in the next section:
8ee Vo
—_— < .
155 12
Lemma B.1. Let the function C(R2, & — &,) be the collision operator Q(F, G) for the
hard sphere model, (see (10.3)). There exists K > 0 such that the following inequality
1 1
holds for any g and h satisfying ||(1 + 1ED28lL2g3), 11+ |$|)7h||L2(R3) < 00:

/' Q(wog, woh)* + Q(woh, wog)*
(€1 + Do (6)?

(B.3)

(B.4)

dt < K/(ISI + Dg(®)? de - /h(&)2 d
R3 3

(B.5)
+ K/g(e;)2 dt - /(|s| + Dh(§)?* d,
3

where wo(§) is a given Maxwellian distribution.
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Proof. Since (&', &,) given in (10.2b) is constructed to conserve the kinetic energy and
momentum after collision,

E12 + 167 = /1> + &L

From this,

wo(§)wo(Ex) = wo(&)wo(£}).

This results in

/ / SO EDE o E)CQE =6 0
& Js wo(§)/TT IE] :
/ / SEOMEDEICE ~ 0 D) 0
R? Js2 VT+IE]
We also have
1
e — , woh
w0 @)y TR 208 oh)
1
- — h(&, HDC(Q, & — §,)dQdE,
mfRL CEMEIENC(Q, E — £)dQE

1
t fR 3 [s SEMEDEIC@.E ~E)d2E. (B

By Holder’s inequality and by

/wo(s*)cm, £ —£)? de. = 01 + £
R3
it follows
2

1
/m / gE(E)wo()C(E — &y, Q)dEdQ | dE

3><Sz

1
< 0() / ST (‘ / 2(E)h(E) w0 (E)C(E — &y, Q)st*dsz) d&
R3

3><S2
<0() / g&)?h(E)*(1 + |&))dEdQdE,
R3xS2xR3?
1
= O +1ED28 1723, 121723 (B.7)
By Horder’s inequality and by the following three properties of (¢', £,):

The six dimensional volume element is invariant: |d&d&.| = |d§'d&)| with Q2 fixed,
C(Q,§ — &) =C(Q& — &),
C(§ — & D wo(5)
sup p
s L+ IEDTFED

=0(),
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it follows
2
1 / / _
/ IFS f gENVEDW(ENC(E — &, Q)dELQ | dE
R3 3><52
1
<o) / IES / g(ENM(ED 00 (E)CE — &, Q)7dEAQ | dE
R3 3><Sz
N2 N2 _ 2
_ o) / g(ENVh(ELD  wo(E)C (E — &4, Q) dEdE
&)+ 1
R3xS?xR3
AV /\2 _ 2
— o) / EhEN DEICE — 6 D o
HES!
R3xS?xR?
=0() / g (1 + |E'Dh(E)) dEdEAQ
R3xS?xR?
— o() / (&2 (1 + €' Dh(ED2dE deLd
R3xS?xR?
= O + 1§D g2 s, 112 - (B.8)

We can conclude that

0(wog, woh)?

T EDae@R s = O+ IED2 gllpz o 1N s
R3

Similarly, we have

Q(woh, wog)* 1 )
| v gy = DI D Ml Wl
R

The above two estimates conclude this lemma. O

Lemma B.2. For a given Maxwellian wy and a given function d satisfying d(§) <
Dowo (&§)* witha €[1/6, 1/3], alinear operator Dh = wLO[Q(wod, woh)+Q(woh, wod)].
There exists a constant Ky satisfying

/h Dhdé < Ko Dy /Rgh(éf)z(l + |&]) dé.

R3
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Proof. By the Schwartz inequality and Lemma B.1, it follows

1 _1Dh
thhds=Do/(1+|és|>zh<1+|5|> oods (B.9)
R3 R3

D DA\ 2
< 70/0 +EDAE) + (1 + 16D (D—> ds
0
R3

0(1)D0/(1 T+ EDRGE) de.
R3

This yields the lemma. 0O

Appendix C. Construction of Boltzmann Shock Profile

We now prove Theorem 8.1 on the accuracy of the Navier-Stokes shock profiles as
an approximation of the Boltzmann shock profiles . We will use the weighted energy
method. For other weighted energy methods for the study of boundary layers, see
[1, 19] and references therein. We view the shock profile ¢ (x — st,§), x € R I of
(6.1) as a perturbation of the Navier-Stokes profile A defined in (A.13):

V=¢-—A.
The equation for V is
€' —)Ve —[Q(A. V) + Q(V, A)] = Q(V. V) — S. (C.DH

Let (P, P})and (P + PaL ). They are the macro-micro decompositions corresponding
to the end Maxwellian states w_ = w(§; u—_, T_) and w4 = w(§; uy4, Ty ), respectively.
We have therefore two sets of variables

V= Vg + VT,

V=V, +V7],

VE = PPy,

Vi = PYV;
and the operator Q(V, A) + Q(A, V) can be written two different ways:

O\V,A)+ Q(A,V) =LtV + RV,

QV,A)+ QA V) =L V+RV,

LTV = Q™ V)+ OV, wh), (C.2)
L V=0 ,V)+0V,0),

RtV = Q(V,A—wt) + QA —wt, V).

Substitute the previous decomposition A = Fo+Fy into R¥V to obtain, for a constant
C>0,

REV = [Q(Fy — o*, Vi) + O(VF, Fo — 051+ [Q(F1, V) + Q(V, F1)]
< C(e|vf| +e2|V|). (C.3)
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The equations for VSE and Vi are

PIE -5V + PLE -5V =0, (C.4a)
PiE —)VE + PTE -9V — LTV =RTV+ Q(V,V) - S, (C4b)

and

Py =)V + Py E —5)V] =0, (C.5a)
PT(E' —5)Vy, + PT(E' =)V, — L V] =R V+Q(V,V) —S. (C.5b)

Equations (C.4a) and (C.5a) give algebraic relationships between VjE and VjE Similar to
the matrix representatlons in (8.1) and the corresponding dlagonallzatlons in (8.3) and
(8.4), for V we have

+ t:l:i i+
VO_lev0 vi= e R,

Ti s (C.6)
PyE' —s)rf =2Frf, AF e R
From the entropy condition in (8.2), there exists C > 0 such that
A <0, fori =1,2,3,
—x; <0
3 =9 (C.7)

|)»3i| > C e, (because Po(£! — s) is a non-singular matrix),
c !> —)\?E >cfori =1,2.

From (C.6), (C.7), (C.4a) and (C.5a), there exists C > 0 such that

VEE] < CYVEIVEN fori = 1,2,

) < Va/3 ,/(Vﬁvli)i (C.8)
— A‘gt .

Vo
From (C.4) and (C.5), we have the following L2-estimates:

/ <V8EIP3E(E s)V + Po (g! —s)Vi> gtieex
R
+ [ (VEIPEE - Vg + PEE -V - LVE - REV - 0V V) - 8]
R
X ei%eexdx —0. <o)

Here, the inner product (glh)jE are defined as in Sect. 7:

hiz/ g(&)h(&) .
(glh) o o) &
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From (C.8) and (C.9),
[ (ViPEE —ovE 4 e Vi) e
+ /R (vﬁpli(gl — Vg, + PTE" - s)vf;>i 3 dy
- :I:gee/R (% (Vile' - s)vgt)i (Vi - s)vﬂi) erieer gy

3
2ee deex
=:|:/R (ZTAT( )2 ——e (vi|(g —s)vi> ) eT3eex gy

j=1

8ee V|2 +
< f 1—;% ¢T38 gy 1 0(1) e/ <|Vf|2 + <V?E|(sl _ s)vﬂ >ei§e€x dx.
R 3 R

(C.10)
From (C.10) and (B.4),
/R<v§|1)(ﬂ;(gl —SVE + PEE! —s)Vi)i £35eer gy
/ (V*|Pi@ SV PEE V) et
12 (Vi|vi> S8 gx 4+ 0(1) G/R ((Vﬁvli)i + (Vﬁ(sl - s)V?E>i>
x eiée“ dx. (C.11)

From (B.1), there exists C > 0,
+ +
<glvf|vli> < —C|VF|LEVEY" (C.12)
And so

0(1)6/ <(El - S)VIiIV;_L>i et dx < 0(1)e f —(VflLiVﬂi oteex g
R R
(C.13)

From (C.3), (C.11), (C.12), and (C.13) together with Schwartz’s inequality, for € suffi-
ciently small,

E <V:i:|vz|:>i ei%eex dx < _l <V:E|Livﬂ:) ei%eex dx
2 1 1 2 1 1
R R

(% (VEIVEN + Ui (SIS)* + (VEIQ(V, V))*) F38
0

VZIPy (&' — )V + Py (&' _S)Vi> ptieex
+
+ | (VIIPTGE' = 9)VG, + PTG —s)Vi, — LTV} — RiV> et3eex gy

=

>:\>:\w\
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And so
1
/ <Vitlvi)i i eex d 5/ _ = V?:|IJ:l:Vﬂ:>i :t eex dx
R4 R 4
8
</R( (SI18)* (VﬁQ(v,V))i) F38 gy
(C.14)
From (A.15a) and (A.15b),
/ (SIS)E eF58r gy < 0(1) €. (C.15)
R

With (C.14) and (C.15), we make an a priori assumption,

1
Vi oo < O(1) €. (C.16)

Substitute (C.16) and (C.15) into (C.14). We have

v_o(vzlzlvzl:)i ei%eex dx < _l(V:I:|Livz|:)i ei%eex dx
R 8 1 1 R 8 1 1

</ 8819 et gy < 0(1) 5. (C.17)
R VO

To obtain the desired higher order estimates in Theorem 8.1 and close the energy

estimates, we increase the differentiation order in the a priori estimates in (C.16) up to
C'%in £-x space and perform the energy estimate up to H2C. This proves the existence of
the shock profile with the property in Theorem 8.1. The details are similar to the energy
estimates before, so it is omitted.
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