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For second harmonic generation in two-dimensional wave4ding structures

composed of segments that are invariant in the longitudinadlirection, we
develop an e cient numerical method based on the Dirichleto-Neumann
(DtN) maps of the segments and a marching scheme using two o@@rs
and two functions. A Chebyshev collocation method is used twiscretize the
longitudinal variable for computing the DN map and the locdly generated
second harmonic wave in each segment. The method rigorousiglves the
inhomogeneous Helmholtz equation of the second harmonic weawithout
making any analytic approximations. Numerical examples arused to illus-
trate this new method. ¢ 2007 Optical Society of America
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1. Introduction

The nonlinear optical phenomenon of second harmonic genira (SHG) has found appli-
cations in many elds, such as laser fusion, biomedical irstmentation, femtosecond spec-
troscopy and precision metrology [1]. In a bulk medium, theesond order nonlinear e ect
is typically very weak, unless there is a phase matching beten the fundamental frequency
and the second harmonic waves. In a number of applications$,i$ desirable to have SHG
in optical waveguides. A practical way to improve the e ciercy of SHG in waveguides is to
include a periodic structure (possibly with defects) alonthe main propagation direction [2].
In this connection, SHG in waveguides that are piecewise doim along the waveguide axig
has been studied numerically by a number of authors [3{6]. Ecient numerical methods are
needed to analyze, design and optimize these structures. &'mite di erence time domain
(FDTD) method has been generalized to study SHG [4], but fregncy domain methods
that take advantage of geometry features of the structure aroften more e cient. To ana-
lyze linear waves in piecewise uniform waveguides, the gigeode expansion methods [7{13]
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and the bidirectional beam propagation methods (BiBPMs) [4{18] are particularly e cient.

In a uniform segment, the eigenmode expansion methods allow to avoid a discretization
in the longitudinal variable z by expanding the wave eld in the local eigenmodes of the
segment. The BiBPMs are extensions of related methods fongle waveguide discontinu-
ities [19{23] and they can take full account of the multiple & ections at the longitudinal
interfaces. The BIBPMs utilize the operator rational appraimation techniques developed
in traditional beam propagation method [24] for slowly varing waveguides to e ciently
march the forward and backward wave eld components in eachniform segment. In [5]
and [6], the BiBPM and the eigenmode expansion method based ecattering operators
are extended to analyze SHG, respectively. Both methods lmese rather complicated due
to the inhomogeneous term in the governing equation of the ed harmonic wave. For
the eigenmode expansion method, when the second harmonid¢d én a uniform segment is
expanded in the local eigenmodes, the coe cients are dependent functions that can only
be solved numerically. Both methods also make additional alytic approximations such as
only co-propagating directional components are involvechithe SHG process.

In a recent work [25], we developed an e cient method for lingr waves in piecewise uniform
waveguides based on the Dirichlet-to-Neumann (DtN) maps.df a uniform segment given
by z 1<z<zj,the DIN map M is an operator that maps the wave eld atz; , and z to
the z-derivative of the wave eld there. The DtN map method is e cient, since computing
the DtN map M is much easier than calculating the eigenmodes of the segmédio nd M,
we used a highly accurate Chebyshev collocation method tosdretize z for the segment.
Overall, the DtN map method is more e cient than the non-iterative BiBPM based on the
scattering operators [16], and it is also more accurate sgoperator rational approximations
used in the BiBPMs are mostly avoided. These rational appraxants have di culties to
approximate both the propagating and the evanescent modesarately. In this paper, we
extend the DtN map method to SHG problems. It turns out that the DtN map method
can easily handle the inhomogeneous term in the governinguagjon of the second harmonic
wave without making any analytic approximations.

2. Problem formulation

We consider a two-dimensional (2D) wave-guiding structurén the xz plane and assume
that both the fundamental frequency and second harmonic was are given in the transverse
electric (TE) polarization. Therefore, they-component of the electric eld is the real part of
ue " + ve 2" where! is the angular frequency of the fundamental frequency wavé&he
governing equations for SHG are

@u + @u + [konW(x; 2)]?u
@v + @v +[2kon®@ (x; 2)]?v

k3 @(x;z)uv; (1)
2k2 @ (x;z) u?; (2)
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whereky = !=c is the free space wavenumber is the speed of light in vacuumn® and
n®@ are the linear refractive index functions att and 2 , respectively, @ is an element in
the second order nonlinear susceptibility tensor. We assenthat the structure is linear for
z < 0 andz > a and piecewise uniform (i.e.z-invariant) with longitudinal discontinuities at
Zo0; Z1; il Zm satisfying 0 =7y <z, <:::<z, = a: For the segment g i,z), we have

@ (x;z) = j(z)(x); nV(x; z) = nj(')(x); | =1:2:

The above is valid even foj =0andj = m+1lifwedenez ;=1 andzp,; =+1.
Notice that ¥ = @ =0. For a given incident waveu(” (at the fundamental frequency) in
z < 0, we have transmitted waves irz > a and re ected waves inz < 0 for both frequencies.

We can write down the boundary conditions atz = 0 and z = a with properly de ned
square root operators. LetBy be the transverse operator of the fundamental frequency for
z< 0, thatis

Bo= @+ [konp’ (x)]*
The square root ofB,, denoted as_y’, can be de ned as a linear operator satisfying$” =
for any eigenfunction and eigenvalue 2 of the operator B, satisfyingB, = 2 . As

the square root of 2, the number is chosen to satisfy Im() > 0 or Re( ) > 0 when
Im( ) = 0. This selection is based on our assumed time dependereé! and it guarantees
that u = e'? either decays ax is increased (an evanescent mode) or propagates in the
increasingz direction. SinceLgl) is de ned as a linear operator, the principle of superposan
applies. If a functionf is expanded in the eigenfunctions d3,, the action ongl) onf can be
evaluated by applying L((-_,l) on each individual eigenfunctions linearly. With this de ntion,
the incident wave and the re ected wave at the fundamental &#quency satisfy

@u® = iLPu®; @u® = LY um;

respectively. A boundary condition for the total eld u = u® + u{™ can be obtained if we
eliminate the re ected waveu(. We have

@u+iLPu=2iLPuD(x;0 ) at z=0: (3)

In general, we can de ne square root operators for all unifor segments and for both fre-
quencies. For the segmentz( 4;z), we have two square root operators for frequenciésand

2!, respectively: ;

L= @+[lkon"(x)]% 1=1;2:
Using the de nitions, we arrive at the following boundary caditions:
@ LY u =10 at z=a (4)
@+iLPv = 0 at z=0; (5)

@v iLfﬁ)ﬂv 0O at z= a: (6)



In principle, our problem is to solve the nonlinear coupled éimholtz equations (1-2), subject
to the boundary conditions (3-6).

Under the undepleted-pump approximation, the e ect of the scond harmonic wave on the
fundamental frequency eld is ignored. Eqg. (1) is then repkeed by the linear homogeneous
Helmholtz equation:

@u + @u +[kon™ (x; 2)]?u = 0: (7)

This approximation is appropriate for the examples consided in this paper. In principle,
the method developed here can be used in an iterative proceduo solve the fully nonlinear
SHG problem without the undepleted-pump approximation.

3. Marching scheme for second harmonic waves

A DtN operator marching method foru satisfying (7,3,4) was developed in [25]. The method
relies on two operators that are approximated by matrices vém the transverse variable< is
discretized. These two operators are known & = a and they are marched fronz = a to
z=0. The step from z; to z; 1 makes use of the DtN map of the segment. After we obtain
these two operators atz = 0, we can nd the re ected and transmitted waves.

In this section, we extend the DtN operator marching methodd the inhomogeneous
Helmholtz equation (2). In addition to the two operators, wealso have to march two functions
from z = ato z = 0. These two functions are contributions of the the right had side of (2).
The operatorsQ;, Y; and functions g; (x), f; (x) are required to satisfy

Qv = @ g; (8)
YiVvi = vmtfj; 9)

wherev is an arbitrary solution of (2) and (6),v; = v(X;z;), vm = V(X;a), @V, = @QV(X; Z).
Condition (5) is excluded in the de nition, thus the above eqations are valid for in nitely
many solutions ofv. Furthermore, we insist that if the right hand side of (2) is ero, then
g = f; =0 for all j. This implies that the operatorsQ; and Y; are de ned independent of
the inhomogeneous term. Therefore, they can be marched ethathe same way as described
in [25]. When the transverse variable is truncated and discretized byN points, Q; andY;
are approximated byN N matrices,v;, f; and g; are approximated by column vectors of
length N .
From the boundary condition (6) and the de nitions, we have

Qm=iL?,: gn=0; Ym=1; fn=0; (10)

where | is the identity operator. The square root operatorLfﬁ)+l can be evaluated by a
rotating branch-cut Pace approximant. Next, we go throughm stepsasj = m, m 1, ..,
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1. In the j -th step, we calculateQ; 1, Y; 1, f; 1 and g 1 assuming thatQ;, Y;, f; and g
are known. OnceQo, Yo, go and fy are calculated, we can nd the second harmonic waves at
zo =0 and z,, = a from the boundary condition (5) and the de nition (9). That is

h N
Q+iLY vo= (11)
Vi = Yo Vo fo: (12)
The square root operatorng) above can be approximated by a rotating branch-cut Pack
approximant. After that, we solve vy from (11) and evaluatev,, using (12).

For the step fromz to z i, we need the DIN mapM and the locally generated second
harmonic wavew of the segment. The operatoM satis es

" # 0" #" # 0" #
s(X;zj 1) M1 M1 sS(X;z 1) @s(x;z; 1)

s(X; ;) T Ma M s(x; z;) T o@six zj) / (9)
wheres = s(x; z) is an arbitrary solution of the homogeneous Helmholtz eqtian:
@s+ @s+[2kon? (x)]’s=0; z 1<z<z;: (14)
The function w satis es the inhomogeneous Helmholtz equation
@w+ @w + [2kon® ()Pw = 2k P()u% z 1<z<z] (15)

and zero Dirichlet boundary conditionsw =0 at z = z ; and z. In section 4, we describe
an e cient Chebyshev collocation method for calculatingM and w. The marching formulas
for the j -th step are

Z = (Q M) 'My; (16)
h = (Q Mz 'g @w, ; 17)
Q 1 = Mu+ MpZ; (18)
Y1 = YiZ (19)
g 1 = @wj; , Mph; (20)
f 1 = Yh+i: (21)

The formulas forQ; ; andY; ; are identical to those given in [25], since they are unrelate
to the inhomogeneous term in (2). The step involves linear stems with coe cient matrix
Qj Mgy, and matrix products M,Z and Y,Z, etc. Therefore, this step requiresO(N 3)
operations, whereN is the number of points for discretizingx.

To derive the marching formulas, we assume that a solutionof the Helmholtz equation (2)
satisfying the boundary condition (6) is written asv = w+ s in the segment ¢ 1;7), where
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s satis es the homogeneous equation (14) and is the locally generated second harmonic
wave. Meanwhile, we can evaluat@v at z; ; andz; through (8), as well as throughv = w+s
and the DtN map M for s. This gives rise to

(M1 Q 1)V 1+ My, = g 1 @Wjy ,;
Mavi 1+ (M2 Qj)vi = g ©@wjy:

These two equations lead to

Vi = Zvj 1 h; (22)
M1z Q 1+ MpZ); 1 = g 1 @Wj , + Mph: (23)

Since (23) is supposed to be valid for all solutions of (2) an®), it is necessary to require
that Q; i satis es (18) so that the left hand side is always zero. Forntas (20) for g  is
obtained from the right hand side of (23). Furthermore, from(22) and (9) forj andj 1,
we obtain

i1 YiZ)y =15 1 f; Yh (24)

This gives rise to (19) and (21).

4. Chebyshev collocation method for uniform segments

The marching method described in the previous section redien the DtN map M and the
locally generated second harmonic wawe for each uniform segment. In [25], we developed
a Chebyshev collocation method for calculatingyl using O(qN?) operations, whereq is the
number of points used to discretize in the segment, i.e.z; 1 <z <z;,andN isthe number
of points to discretizex. Since the Chebyshev collocation method has a very high acacy
for smooth functions,q is typically much smaller thanN. Therefore, computingM is much
easier than calculating the eigenmodes of the transverseevator. Whenx is discretized, the
transverse operator is approximated by alN N matrix. The eigenvalues and eigenvectors
of this matrix can be calculated usingO(N ®) operations, but the constant hidden in the big
O notation is quite large. In this section, the Chebyshev catation method is used to nd
the locally generated second harmonic wawe. The required number of operations is only
O(?N).

For the segment ¢ 1;z), we discretizez by

" I#

4 41 1 cos % ;o k=0;1;:50: (25)

k=72 1%
) 2

Notice that o=z ;and 4= z. Let F be a dierential function of z, then the derivative



of F at  can be approximated by

2FO( 0)3 ZF( o)3

EFO(' 1@ CEF(' o?
FY o) F( o
Here, C is the di erentiation matrix [26] whose (k;1) entry (for O k;I Q) is given by

S (f+1)=6 ifk=1=0,
_ 2 (2 +1)=6 ifk=1=q,
Ck' z 0z 1 3 05,51 ) if0<k =l<q,
S Ly '=(« 1) otherwise,
where | ( .
k _ 2 ifk=0, ¢
KTEOS g KT 1 ifo<k<q.

Naturally, the matrix C? gives approximations to the second order derivative ¢¥. Let us
write down C and C? as follows:

2Co € 003 2d d °

0 q 00 0

C:§5 : 52; 02:560 D c’i‘qqé;
Co € Cyq dgo dqq

where ¢y and e, are row vectors,d, and d, are column vectors, andD is a square matrix.
For the purpose of computing the DtN mapM and the locally generated second harmonic

wave w, we need to diagonalizé):

2 3
1

I5:R§ © ERl: (26)

q 1l

Meanwhile, we also need the following auxiliary vectors:
~=R Yy “=RYM; ~=eR ~=¢R (27)

The DtN map M de ned in (13) can be obtained by repeatedly solving the hongeneous
Helmholtz equation (14) for di erent choices of the bounday values, i.e,s at z; ; and z;.
Due to a simple re ection symmetry, we haveM; = M,, and M, = M. Therefore,
whenx is discretized byN points, we can calculateM , as a (2N) (2N) matrix, by choosing
[s(X;Z; 1);S(x;Zz)]" in (13) as the rst N column vectors of the (N) (2N) identity matrix.

It turns out that for each choice of its boundary valuess satisfying (14) can be solved in
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O(gN) operations using the Chebyshev collocation method. Thdoge, the DIN map can
be constructed inO(gN?) operations. In the Chebyshev collocation method, we use? to
approximate @ in (14) and require that the equation is exactly valid at  for 1 k < q.
That is 2 3 2

S1 Bs; 3

S Bs
él‘oso+|f3§ :2§+c’i‘qsq+§ :2§:0;

Sq 1 BSq 1

wheresc = s(x; ) and B = @ + [2kon{? (x)]? is the transverse operator. Assuming that
D can be diagonalized as in (26), we can reduce the abovedo 1 uncoupled ordinary
di erential equations:

P . "o @2 0 . o .
e T [2kon” "+ « = «kS(Xz3 1) «kS(Xz); 1 k<q; (28)
wherepc = pk(X) is given by 2 3 ) 3
P1 S1
AR
pq 1 Sq 1
The z-derivative of s can be evaluated using the matrixC. That is,
2 3
S1

S
@sozcooso+e0§ :2 %+c0qsq:

Sincesy = s(X;z; 1) and sy = s(X; zj), the above gives rise to

& 1
@s(X;zj 1) = CooS(X;Z; 1)+ kPk(X) + CogS(X;Z): (29)
k=1
Similarly, we have
& 1
@s(x;zj) = CS(X;z; 1)+ kPk(X) + CqqS(X;Z)): (30)
k=1

When x is discretized byN points and Eqg. (28) is approximated by a nite di erence or nite
element method, we can solvp, in O(N) operations. Thus,O(gN) operations are needed to
nd pi, P2, ..., Pq 1. Furthermore, the z-derivative of s at z; ; and z; can be calculated from
(29) and (30) usingO(gN) operations. Therefore, one boundary value problem of (14an
be solved inO(gN) operations. To construct the DtN map, we need to solv&l boundary



value problems, so the required number of operations @&N?). The diagonalization of D
requires O(g®) operations. Sinceq is much smaller thanN, this is not signi cant compared
with the other calculations.

Using the Chebyshev collocation method, we can solve the &lly generated second har-
monic wavew in O(g?N) operations. The functionw satis es the inhomogeneous Helmholtz
equation (15) and zero boundary conditions at; ; and z;. Using C2 to approximate @ and
assuming that (15) is satised at  for1 k <(q, we have

2 3
2w, 2 2 Bw, B u(x; 1)
B u?(x;
6§ V\:/2§+§ \:Nzgz 2k3 J-(Z)(X)E (: 2)3
Wq 1 Bwg 1 u?(X; q 1)

where w, = w(X; ¢) and B is the transverse operator given earlier. The above can be
transformed to

d (0]
™ A "o @ R+ re= 2 ,-‘2) ) «x); 1 k<q; (31)
where 2 2
> > wy P 1() U(X:l)
g %_ 1§ W % g z(X) % g 2(X, 2) %
g 1 Wq 1 q 1(X) u (X, q 1)
Finally, the z-derivative of w can be evaluated from:
& 1 % 1
@w(x;z 1) = krk(x);  @w(x;z) = kM (X)
k=1 k=1
In the discrete case, 1, 2, ..., ¢ 1 are column vectors and they can be calculated using

O(?N) operations, the functionsry, ro, ..., rq 1 can be solved numerically from (31) using
O(gN) operations, and thez-derivative of w at z; ; and z can be evaluated usingd(qN)
operations. Therefore, the total number of operations redped for computing w is O(cFN).

5. Numerical examples

To validate and illustrate our method, we consider two numecal examples. The rst ex-
ample has been analyzed by Locatelt al. in [5]. It is a two-dimensional model (top view)
of a deeply etched waveguide with a semiconductor core. Stag from a symmetric slab
waveguide with air claddings and a core of width:3 m, we introduce eight equally spaced
air gaps in the waveguide core. The length of these air gapsd2 m. There are seven
guiding segments between the air gaps. The length of each djuog segment is 8837 m.
More precisely, we have

Zyx =1:037k(m); zZp+ =21:037k+0:2(m); for k=0;1;::;7
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The total length of the z-varying part of the structure isa = z;5 = 7:459 m. In the
waveguide core, we have a refractive indeX? = 3:15 at the fundamental frequency and
n® = 3:3 for the second harmonic. In our notation, these two valueswespond ton(z'@ (x) for
jXj <125 m,I=1;2and 0 k 8. The second order nonlinear coe cient is assumed to
be (zzk) (x) = 300 pm/V in the waveguide core (xj < 1:25 m) for the seven guiding segments
(1 k 7). Notice that @ is assumed to be zero far < 0 andz > a. The incident wave
is the fundamental mode of the original symmetric slab wavegle with a maximum electric
eld amplitude of 10° V/m.

In Fig. 1, we show the linear transmission and re ection progrties of this structure around

\,

O 1 1 1
1.53 1.54 1.55 1.56 1.57 1.58
Wavelengthjnrm]

/ /

0.78 0.79 0.8

Wavelength[hm]

O L
0.76 0.77

Fig. 1. Linear transmission and re ection properties of a gicewise uniform
waveguide (Example 1) for two wavelength intervals. The sdl and dashed

lines representTj? and jRj?, respectively.

the fundamental frequency and second harmonic wavelengthBhe refractive index of the
waveguide core is xed at 315 for plot A and 33 for plot B, but there is no diculty
to use a more realistic dispersion model. The vertical axedav jRj? and jTj?, where R
and T are the amplitude re ection and transmission coe cients. \e observe that the rst
transmission resonance around:35 m in plot A matches well with the second transmission
peak around 0775 m in plot B. We have calculated the second harmonic eld for aumber
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of wavelengths. The maximum absolute value of the generategcond harmonic wave at
z = ais shown versus the free space wavelengthat the fundamental frequency in Fig. 2. At

., 3
103 v
6 0 /ml .
%
5 *ox
* %
Y * ¥
md_‘a o ¥
5 O X
£ * 4
2 % *
*
. X
1 ¥ ¢

1.53 1.54 1.55 1.56 157 1.58
Wavelength [nm]

Fig. 2. Maximum amplitude of the generated second harmonicave atz = a
for Example 1.

=1:55 m, the maximum we obtained is 87 10° V/m. This is slightly larger than the
value 51 10 V/m reported in [5]. The magnitudes of the fundamental freqancy and the
second harmonic waves are shown (again for= 1:55 m) in Fig. 3 and Fig. 4, respectively.
Our numerical results are obtained withg = 35 for the guiding segments andj = 10 for the
air gaps. Thex variable is discretized form 25 m to 225 m with 201 points. Perfectly
matched layers are used at the two ends of the interval.

The second example can be regarded as the side view of a thileeensional deeply etched
waveguide. The originak-invariant structure is a 2D slab waveguide with an air cladohg and
a non-dispersive substrate. The width of the waveguide cored =3 m and the refractive
index of the substrate is 3L779. Thez-varying part of the waveguide includes 11 air gaps of
length :126 m and depthH =4 m as shown in Fig. 5. Sincéd > d, the air gaps actually
cut into the substrate. There are 10 guiding segments betwe¢he air gaps. The length of
each guiding segment is:@8 m. This gives rise to

Zyx =0:726k (M ); 2z =0:726k +0:126 (m ); k=0;1;::;10

The z-varying part of the structure starts at z; = 0 and ends atz,; = a = 7:386 m. The
refractive index of the core is given byn® = 3:28 andn® = 3:3815 at the fundamental
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Fig. 3. Magnitude of the fundamental frequency wave for Exapte 1.

11.5

X[mm]

Vim

Fig. 4. Magnitude of the second harmonic wave for Example 1.
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Fig. 5. A schematic view of the wave-guiding structure for Eample 2.

and second harmonic frequencies. Only the waveguide coretlre 10 guiding segments is
assumed to be nonlinear and the second order nonlinear coéat is @ = 240 pm/V. For
SHG, we assume that the incident wavei") is the fundamental propagating mode of the
straight waveguide with a maximum amplitude of 18 V/m. In Fig. 6, we show the linear
transmission and re ection properties of the structure. Tl refractive index of the core is
assumed to a constant for all frequencies in each plot. That,in® = 3:28 andn® = 3:3815
for plot A and B, respectively. The re ection and transmissdn coe cients R and T are those
de ned for eld amplitudes. The structure is tuned to have a tansmission peak at 55 m
for the fundamental frequency eld and another transmissio peak around 0775 m for the
second harmonic eld. The maximum amplitude of the generatesecond harmonic wave at
the end of thez-varying part of the structure (i.e., z = a) is shown Fig. 7 as a function of
the free space wavelength of the fundamental frequency wavéhe largest second harmonic
wave is obtained at the desired pump wave length = 1:55 m. In these calculations, we
have discretized the transverse variablg from form 1 mto 5 m with 251 points. In the
z direction, the guiding segments and the air gaps are discis¢d by q = 25 and q = 10
points, respectively.

6. Conclusions

We have developed a marching scheme for second harmonic gatien (SHG) in piecewise
uniform waveguides based on Dirichlet-to-Neumann (DtN) mas. It is an extension of our
earlier work [25] for linear waves. Due to an inhomogeneowstn in the governing Helmholtz
equation of the second harmonic wave, existing methods foHS require additional ana-
lytic approximations. Our method solves the inhomogeneouselmholtz equation rigorously.
Compared with the linear DtN map method, the additional e ort required for computing
SHG is insigni cant. The total required number of operatiors for computing the second har-
monic wave in a structure withm segments iSO(mN 3), where N is the number of points
for discretizing the transverse variable. To take advantagof the piecewise uniform nature
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Fig. 6. Linear transmission and re ection properties of thepiecewise uniform
structure in Example 2. The solid and dashed lines represejTj? and jRj?,

respectively.
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Fig. 7. The maximum amplitude of the generated second harmmnwave at

z = a versus the free space wavelength of the fundamental freqognfor
Example 2
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of the structure, a highly accurate Chebyshev collocation @thod is used to discretizez in
each segment for computing the DtN map and the locally gendesl second harmonic eld.
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