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This paper has THREE pages. (Including this page)

Instructions to candidates:

• Attempt all SEVEN questions.

• Start each question on a new page.

• Show all working.

Materials, aids & instruments permitted to be used during examination:

• Non-programmable portable battery operated calculator.
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1. (15 marks) Find the 2-norm of the matrix

A =


1 0 0

1 1 0

1 0 1

 .

2. (15 marks) Find the LU decomposition with partial pivoting for

A =


−3/2 −1 0

3 2 6

−1 4/3 −6

 .

3. (15 marks) Let A be a 5× 3 matrix with full column rank (i.e. rank(A) = 3) and

assume that A has a QR factorization: A = QR, where

Q = I − 2

v∗v
vv∗, v = [1, 0,−1, 0, 1]∗.

For the column vector b = [1, 2, 3, 2, 1]∗, find

min
x∈C3

||Ax− b||.

4. (15 marks) Consider the matrix-vector multiplication y = Ax, where

A =

[
a b

0 c

]
, x =

[
x1

x2

]
, y =

[
y1

y2

]
.

Let a, b, c, x1 and x2 be floating point numbers, show that ỹ — the computer result

of y, satisfies

ỹ =

[
a b̃

0 c

] [
x̃1

x̃2

]
,

for some b̃, x̃1 and x̃2 which are close to b, x1 and x2, respectively.

5. (15 marks) For the following symmetric matrix

A =


2 3 4

3 2 1

4 1 0

 ,

find a Householder reflection H, such that T = HAH∗ is symmetric tridiagonal.

Calculate the matrix T .
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6. (15 marks) Let r0, r1 and r2 be the three columns of the 3 × 3 indentity matrix.

Determine three vectors p0, p1 and p2, such that

< p0 >=< r0 >, < p0, p1 >=< r0, r1 >, < p0, p1, p2 >=< r0, r1, r2 >

and p∗jApk = 0 whenever j 6= k, where

A =


1 1 0

1 2 1

0 1 2

 .

Here, < p0, p1 > is the vector space spanned by p0 and p1, etc.

7. Let A be a real symmetric matrix, b be a real unit vector which is not an eigenvector

of A. With q1 = b, we use Lanczos method to obtain

A [q1, q2, ...] = [q1, q2, ...]


α1 β1

β1 α2
. . .

. . . . . .

 .

(a) (2 marks) Show that b and Ab are linearly independent.

(b) (2 marks) Show that q1 and q2 are linearly independent.

(c) (2 marks) Show that K2 =< b,Ab >=< q1, q2 >.

(d) (4 marks) Let s1 be the smallest eigenvalue of T2 =

[
α1 β1

β1 α2

]
, show that

s1 = min
x∈K2

x∗Ax

x∗x
.
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