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1. (13 marks) When the numerical method BDF2

yj+1 −
4
3
yj +

1
3
yj−1 =

2h

3
f(tj+1,yj+1)

is applied to the differential equation

y′′ + 2y′ − y = t, for t > 0,

we obtain [
yj+1

y′j+1

]
= A

[
yj

y′j

]
+ B

[
yj−1

y′j−1

]
+ c,

where A and B are matrices, c is a vector, yj ≈ y(tj), y′j ≈ y′(tj), tj = jh and h is the
step size. Find A, B and c for h = 0.15.

2. Consider the Simpson’s method for solving differential equations (which is related to
Simpson’s method for numerical integration):

yj+1 − yj−1 =
h

3
(fj+1 + 4fj + fj−1).

(a) (5 marks) Show that the method is zero-stable.

(b) (8 marks) Show that the method is not A(0)-stable.

3. (a) (7 marks) Let y be a function of x with continuous 6th order derivative, show that

y(x− h)− 2y(x) + y(x + h)
h2

− y′′(x− h) + 10y′′(x) + y′′(x + h)
12

= O(h4). (1)

(b) (7 marks) Describe a 4th order finite difference method based on Eq. (1), for

y′′ + y = r(x), 0 < x < 1,

y(0) = y(1) = 0,

where r is a given function and it is sufficiently smooth.

4. (a) (8 marks) Propose an explicit second order finite difference method for

utt = uxx + c(x)u,

where c(x) is a given function.

(b) (12 marks) Analyze the stability of your numerical method for part (a), assuming
that c = c(x) is a constant.
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5. (20 marks) Consider the heat equation ut = uxx + uyy on the unit square

S = {(x, y) | 0 < x < 1, 0 < y < 1},

with a zero boundary condition: u = 0 on ∂S (the boundary of S) for all t. The following
method is proposed to calculate the numerical solution from tk to tk+1 = tk + ∆t:(

1− s∂2
y

)
w =

(
1 + s∂2

y

)
uk,(

1− s∂2
x

)
uk+1 =

(
1 + s∂2

x

)
w,

where s = ∆t/2, uk denotes u at tk, uk+1 denotes u at tk+1, and w is a temporary
function of x and y. In the fully discrete case, we discretize x and y by xi = ih, yj = jh

and h = 1/(n + 1) where n is a positive integer, and denote the numerical solution as

uk
ij ≈ u(xi, yj , tk).

Let Uk and Uk+1 be the n×n matrices whose (i, j) entries are uk
ij and uk+1

ij , respectively,
express Uk+1 in terms of Uk.

6. Let p(x) and F (x, y) be given functions, we consider the differential equation

∂

∂x

[
p(x)

∂u

∂x

]
+

∂2u

∂y2
= F (x, y),

on the unit square S = {(x, y) | 0 < x < 1, 0 < y < 1}, with a zero boundary condition:
u = 0 on ∂S. For the discretization xi = ih and yj = jh where i, j and n are integers
and h = 1/(n + 1), a finite difference method gives

aiui−1,j + ciui+1,j + ui,j−1 + ui,j+1 − (2 + ai + ci)uij = fij , for 1 ≤ i, j ≤ n, (2)

where uij ≈ u(xi, yj) is the numerical solution.

(a) (8 marks) What are ai, ci and fij?

(b) (12 marks) Show that the system of equations (2) can be reduced to n systems by
the discrete sine transform, where each system involves n unknowns.

—– END —–


