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1. (15 marks) Consider the following initial value problem

y′′′ = 2y + (y′′)2 + t, t > 0,

y(0) = 1,

y′(0) = 0,

y′′(0) = −2.

Use the midpoint method with step size h = 0.2, find an approximate solution of y(h).

2. (15 marks) Consider the quadratic eigenvalue problem

u′′ + [λp(x) + λ2q(x)]u = 0,

u(0) = u(1) = 0,

where p and q are given functions, λ is the unknown eigenvalue and u is the unknown
eigenfunction. In a shooting method, we solve a nonlinear equation φ(λ) = 0. Give a
precise definition of φ. How to calculate φ′(λ)?

3. (15 marks) Let φj(x) be the continuous and piecewise linear function (as used in the finite
element method) satisfying

φj(xj) = 1, and φj(xk) = 0, j 6= k.

If the discrete nodes are given by xj = jh for a constant h, find∫
φ′

j(x)φ′
k(x)dx and

∫
φj(x)φk(x)dx

for k = j − 1, j and j + 1.

4. (15 marks) Consider the parabolic equation

ut = (1 + t)uxx, 0 < x < 1,

subject to the boundary conditions

u(0, t) = 0, u(1, t) = 2,

and the initial condition
u(x, 0) = 1.

Use Crank-Nicolson’s method with ∆x = 1/3 and ∆t = 1/3, find the approximate values
of u(xj , tk) for j = 1, 2 and k = 1, where xj = j∆x and tk = k∆t.
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5. (20 marks) Consider the wave equation utt = c2uxx (where c > 0 is a constant) and the
numerical method:

1
(∆t)2

[
uk+1

j − 2uk
j + uk−1

j

]
=

c2

(∆x)2
[
uk

j+1 − (uk+1
j + uk−1

j ) + uk
j−1

]
,

where uk
j ≈ u(xj , tk) and xj = j∆x, tk = k∆t. For a special solution

uk
j = ρkeiβxj , i =

√
−1,

show that |ρ| = 1 for any real β. Therefore, the numerical method is unconditionally
stable.

6. (20 marks) Consider the Laplace equation

uxx + uyy = 0

inside the triangle connecting the three points: (0, 0), (1, 0) and (1, 1). Let the boundary
conditions be

u = 1, for y = 0,

u = −1, for x = 1,

u = 0, for y = x.

Use a second order finite difference method with ∆x = ∆y = 1/4, find the approximations
for u(0.5, 0.25), u(0.75, 0.25) and u(0.75, 0.5).
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