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9.
1. (15 marks) Consider the following initial value problem

y"' =2+ ")+t t>0,

y(0) =1,
y'(0) =0,
y'(0) = —2.

Use the midpoint method with step size h = 0.2, find an approximate solution of y(h).

2. (15 marks) Consider the quadratic eigenvalue problem

u’ + [Ap(z) + N2q(x)]u =0,
u(0) = u(1) =0,

where p and ¢ are given functions, A is the unknown eigenvalue and wu is the unknown
eigenfunction. In a shooting method, we solve a nonlinear equation ¢(A) = 0. Give a

precise definition of ¢. How to calculate ¢/(\)?

3. (15 marks) Let ¢;(x) be the continuous and piecewise linear function (as used in the finite

element method) satisfying

bi(a;) =1, and g;(ex) =0, j#Fk.
If the discrete nodes are given by z; = jh for a constant h, find

[ d@di@de and [ 6;@)on(a)da
fork=j—1,7and j+ 1.

4. (15 marks) Consider the parabolic equation
u = (1+t)ug, 0<z<1,
subject to the boundary conditions
u(0,t) =0, wu(l,t)=2,

and the initial condition
u(z,0) = 1.

Use Crank-Nicolson’s method with Az = 1/3 and At = 1/3, find the approximate values
of u(zj,tx) for j =1,2 and k = 1, where z; = jAz and t;, = kAt.



-3

5. (20 marks) Consider the wave equation us = c?uz, (where ¢ > 0 is a constant) and the
numerical method:
2

1 k+1 ko, k-1 c k k1 | k—1 k

where ug‘/’ ~ u(xj,ty) and x; = jAx, t, = kAt. For a special solution
uf = phetf, i = V=,

show that |p| = 1 for any real 3. Therefore, the numerical method is unconditionally
stable.

6. (20 marks) Consider the Laplace equation
Ugg + Uyy = 0

inside the triangle connecting the three points: (0,0), (1,0) and (1,1). Let the boundary

conditions be

u=1, for y=0,
u=—1, for z=1,
u =0, for y=u.

Use a second order finite difference method with Az = Ay = 1/4, find the approximations
for w(0.5,0.25), u(0.75,0.25) and u(0.75,0.5).
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