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Instructions to candidates:
e Attempt all SEVEN questions.
e Start each question on a new page.

e Show all working.

Materials, aids & instruments permitted to be used during examination:
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1. (15 marks) Find approximate values of the integral

1 T
I = € dx
o 1+«

by (a) the elementrary Simpson rule; (b) the three-point Gauss-Legendre quadra-

ture formula.

2. (15 marks) For the matrix A below, find the LU decomposition with partial pivot-
ing, i.e. PA=LU.
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3. (15 marks) Let matrix A and vector b be given by
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(a) Find a QR factorization of A.

(b) Solve the least squares problem
min ||Az — b]].

You need to calculate both the minimum value of ||Axz — b|| and the value of

x at which the minimum is obtained.

4. (15 marks) For matrix A and the initial vector zo given by

01 0 0
A=11 1 2|, xo=11],
0 2 2 1

find the next iteration x; by the method of Rayleigh quotient iteration.
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5. (15 marks) To solve a nonlinear equation f(z) = 0 numerically, we may use three
initial guesses: g, 1 and x5. To find the next iteration x3, we first determine
a quadratic polynomial Q(y) that interpolates (o, zo), (y1,21) and (ys, x2) where
y; = f(z;) for j = 0,1,2. Notice that @) is a polynomial of y and z = Q(y) is an
approximation of the inverse function z = f~!(y). Once @ is obtained, we find 3
as the intersection of z = Q(y) with the z-axis. Namely, x5 = Q(0). This step can

be repeated to calculate x4 with z1, x5 and x3, etc.

For f(z) =2 +2z +1and 2y = 1, ; = 0, 19 = —1, find the next iteration 3.

6. (15 marks) For a set of coefficients fo, fl, . fN_l, where N is an even integer, we

define

o5 = fo + wiQj + f4w4j + ...+ fozw(N*Z)j,
B, = fi+ fsw¥ + fsw¥ + .+ fyow™ DI

for j=0,1,2,..., % —1 and w = /N, For m = —%, o, —2,—1, we define
N-1
Jm = Z fkwmk-
k=0

Express f,, in terms of a;, 3; and w. Give a detailed derivation for your result.

7. (10 marks) For a general 3 x 3 matrix A, show that we can find three Householder

reflections Hy, Hy and Hj, such that

*
(e

HsH,AHy = B =

o O %

o %
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