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9.

1. Assume that in a special floating point number system, an arbitrary non-zero floating

point number x can be written as

mi Mo M3 My
=x+(1+ —+—4+—4+ — 29
x ( + 5 + 1 + 3 + 16) X a7,

where m; is either 1 or 0, and ¢ is an integer.

(a) (5 marks) What is the distance between two nearby floating point numbers in the
interval (8,16)?

(b) (5 marks) For any non-zero real number y, if fl(y) is the floating point number
nearest to y, we have

y — fl(y)

<ar
)

What is the smallest value of €;,7

2. (12 marks) A three-point numerical method for solving f(z) = 0 provides a formula for
Tki3 assuming xg, Triq1 and Trio are given. One such method is the Linear Fractional
method. It constructs a rational approximation of f(z) and uses its zero as the next

iteration. More precisely and for £ = 0, we start with x¢, 1 and x5 as given, and finds
Qz) =

for some coefficients a, b and ¢, such that
Q(z;) = f(z;) for j=0,1,2,

then calculates x3 from Q(x3) = 0. Use this method to find x3 for f(z) = 23 — 3z + 1,

Tr—a

br — ¢

assuming zg = 0, 1 = 0.5, 22 = 1.
3. Define the points (z;,y;) for j =0,1,2, ..., by
vj=7 yi=1-7"
(a) (5 marks) If P,(z) interpolates the first three points, i.e., (z;,y;) for j =0, 1,2, find
Py(—1).
(b) (5 marks) If Pjgo(z) interpolates the first 101 points, i.e., (z;,y;) for j = 0,1, ..., 100,
find Plo(](—l).

4. (10 marks) The following integration formula
1
/0 w3 f(x) do = cof(x0) + c1 f (1)

is designed such that it has no error when f is a polynomial of degree < 3. It turns out

that zg, z1 are zeros of a quadratic polynomial P(x) = 22 + ax + b, such that

/01 2 V3P(2)Q(x) dx = 0,

where @) is any polynomial of degree < 1. Find P(x).
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5. (13 marks) For a given even integer N and some given coefficients ¢, (for —N/2 < k <

N/2), we define a function f by

N/2—-1
flx) = Z cpet,
k=—N/2
Describe how the Fast Fourier Transform can be used to evaluate the derivative f'(x;)

for j=0,1, .., N —1, where
_2mj

.I'j—N

6. (15 marks) Find the LU decomposition with partial pivoting for

3 95 7
A=1|-3 0 15
9 6 3

7. (15 marks) Find a Householder reflection H, such that

rT 17 Tl %
2 2 0 =x
H|1l 3|=1]% =«
2 4 0 =
L1 5] L1 %

Calculate the entries denoted as *.

8. (15 marks) Let A be a 3 x 3 matrix and a;; be its (¢,j) entry. Assume that a3z; = 0 and
as1 # 0. Let A = QR be the QR factorization of A and define A = RQ. Show that the
(3,1) entry of A is also 0.
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